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We investigate the relation between asymptotic stability for dynamical systems and families of
approximations. Using suitably perturbed systems and the input-to-state stability property we
develop a framework which yields necessary and sufficient conditions on the stability of the
approximations ensuring stability of the approximated system. The results are formulated for
numerical one step schemes for ordinary differential equations and for sampled-data systems.
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Introduction

The analysis of stability properties is a central topic in mathematical control theory as well as
in the theory of dynamical systems. When investigating the behavior of dynamical systems,
the first (and often the only feasible) approach are numerical simulations. Beyond simulations,
the progress in the development of fast and reliable algorithms, e.g., in the area of optimization, nowadays allows for numerical controller design methods even for complex nonlinear
control systems. In the context of stability analysis, the key question in both simulation and
design is whether stability properties — either observed in a numerical simulation or obtained
for a numerical approximation by a suitable controller design method — carry over from the
numerical approximation to the original approximated system. The answer to this question
is nontrivial, because the usual convergence properties of numerical approximations hold on
finite time intervals only, while stability properties are inevitably linked to the asymptotic
behavior of the system, i.e., to infinite time intervals.
In this paper we will address this question for asymptotic stability properties for numerical
simulations of ordinary differential equations as well as for for numerically designed controllers for sampled-data systems. We will treat these two system classes in a unified fashion
by developing an abstract framework for perturbed systems which is applied to both settings
by embedding the numerical approximation into the perturbed system. Proceeding this way, it
is immediately clear that some kind of robustness of the asymptotic stability properties must
be imposed such that they carry over to perturbed systems. In contrast to many papers (like,
e.g., [16, 23, 24]) we will not use Lyapunov functions in order to obtain these robustness
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properties. Rather, as in [8], we work with a version of the input-to-state stability (ISS) property from nonlinear control theory and the fact that for continuous systems, bounded stability
neighborhoods and sufficiently small perturbation range ISS is actually an inherent property
of asymptotically stable sets, cf. Proposition 5.2. In principle, the approaches via Lyapunov
functions and via ISS are equivalent, since ISS is equivalent to the existence of an appropriate
ISS Lyapunov function, cf. also Remark 5.4, below. However, for two reasons we prefer an
ISS based analysis: on the one hand, it leads to surprisingly elementary and straightforward
proofs. On the other hand, throughout this paper we aim at formulating necessary and sufficient conditions for the approximating systems which are more easily obtained from ISS
directly than from converse Lyapunov theorems, because estimates for attraction rates and
robustness gains are directly available in the ISS formulation. This is crucial for our analysis
because the uniformity of these rates and gains with respect to the approximation error turns
out to be the right property in order to obtain necessary and sufficient conditions instead of
the merely sufficient conditions often found in the literature. Specifically, for numerical approximation this allows us to combine the main results from [16] and [8] into one statement in
Theorem 6.2 while for sampled-data systems we can show that appropriate versions of certain
sufficient conditions derived in [24, 23] are in fact also necessary, cf. Theorems 7.1 and 7.2.
The aim of this paper is to highlight the similarities in the stability analysis of numerical approximations and sampled-data systems and to illustrate the contribution which the ISS
property from nonlinear control theory can provide for this analysis. Thus, in order to avoid
technicalities and keep the paper self contained we will not aim the the most detailed and general results possible. In particular, we restrict our attention to practical asymptotic stability of
compact sets A, i.e., asymptotic stability up to a small neighborhood of A whose size depends
on the numerical accuracy (or, equivalently, the existence of asymptotically stable sets contained in this neighborhood). Furthermore, we will always consider stability neighborhoods B
which are arbitrarily large but bounded and do not depend on the approximation accuracy, and
we only give asymptotic estimates with respect to the approximation error instead of trying to
give bounds.
The organization of this paper is as follows: After fixing setup and notation in Section 2
we provide some background about asymptotically stable sets in 3. The class of perturbed
systems and the concept of embedding are introduced in Section 4 while the ensuing Section
5 provides the necessary results on input-to-state stability. Our main results are then stated
and proved in Section 6 for one step approximations to ordinary differential equations and in
Section 7 for sampled-data systems. Finally, the Appendix contains a technical Lemma which
is used in several proofs.

2 Setup and notation
In this paper we consider semi-dynamical systems, i.e., maps
Φ : T × Rn → Rn

(2.1)
n

satisfying Φ(t + s, x) = Φ(t, Φ(s, x)) and Φ(0, x) = x for all t, s ∈ T and all x ∈ R , on
the time scale T = R+
0 or T = hN0 for some time step h > 0, where N0 denotes the natural
numbers including 0. This ambiguous choice of the time scale T (whose precise definition
will always be clear from the context) allows to treat continuous and discrete time systems in
a unified way.
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The goal of this paper is to investigate the relation between stability properties of a system
of type (2.1) and a family of approximating systems. To this end, we fix a system
Φ0 : T0 × Rn → Rn ,

(2.2)

with time scale T0 which — depending on the application — may either be T0 = R+
0 or
T0 = h0 N0 for some time step h0 > 0.
System (2.2) is our abstract model for an “exact” system which may not be exactly computable, e.g., when Φ0 is the solution of an ordinary differential equation. Therefore, we
assume that we have a sequence of approximating dynamical systems for k ∈ N given by
e k : Tk × Rn → Rn ,
Φ

(2.3)

again of type (2.1). These approximate systems are always discrete time systems, more precisely we choose the time scales Tk = hk N0 for a sequence of time steps hk ∈ (0, hmax ] for
some hmax > 0, which are chosen such that Tk ⊆ T0 for all k ∈ N. Note that if T0 = h0 N0 ,
then Tk ⊆ T0 is equivalent to hk being an integer multiple of h0 .
Using this formalism, we say that the family of approximate systems is consistent if there
exists a sequence εk → 0 such that
e k (hk , x)k ≤ hk εk
kΦ0 (hk , x) − Φ

(2.4)

and we say that the approximate system is convergent if there exists a continuous function
C : R+
0 → R such that
e k (t, x)k ≤ C(t)εk
kΦhk (t, x) − Φ

(2.5)

holds for all t ∈ Tk . Here and in what follows we assume for simplicity of exposition that all
inequalities we impose hold globally, i.e., for all x ∈ Rn , cf. Remark 2.2, below.
Example 2.1 A typical example which meets this setup is when Φ0 is generated by the
solution ϕ(t, x) of the initial value problem
ϕ̇(t, x) = f (ϕ(t, x)),

ϕ(0, x) = x

(2.6)

with vector field f : Rn → Rn satisfying
kf (x) − f (y)k ≤ Lkx − yk

for all x, y ∈ Rn .

(2.7)

The time scale T0 for Φ0 can then be chosen as R+
0 or, if we prefer to consider the time–h
e k can be generated by any
map of the solution for some h > 0, as T0 = hN0 . In this case, Φ
consistent and stable (and thus convergent) numerical one step method, e.g., by a Runge-Kutta
scheme. If we use the step sizes ∆tk = hk for a sequence hk → 0, we obtain εk = Chpk for
constants p, C > 0, where p > 0 is the consistency order of the Runge-Kutta scheme, cf., e.g.,
the textbooks [2, 14, 32, 33]. Alternatively, we may fix hk ≡ h > 0 and choose the step sizes
∆tk = h/k for some k ∈ N, in which case we get εk = Ck −p . Schemes with adaptive step
size control do not directly fit into our setting due to the time varying nature of the step size,
and must be treated with more sophisticated formalisms, like, e.g., in [17, 20, 28]. If however,
e k using a scheme with adaptive step size control
we fix hk ≡ h > 0, then we can compute Φ
on the interval [0, h], in which case εk depends on the error tolerances realized by the scheme.
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e k is a stable numerical one step
In case that Φ0 is induced by (2.6) satisfying (2.7) and Φ
e
scheme, one obtains Lipschitz continuity of both Φ0 and Φk . More precisely, for both Φ = Φ0
e k we obtain Lipschitz estimates of the type
and Φ = Φ
kΦ(t, x) − Φ(t, y)k ≤ eLt kx − yk

(2.8)

for all x, y ∈ Rn , all t ∈ T with T = T0 or T ∈ Tk , respectively, and some suitable
L > 0 which in the case of Φ0 coincides with the Lipschitz constant for f in (2.7). We will
use these estimates in some of our results. As we will see in Section 7 there are, however,
other applications where this Lipschitz property cannot be expected and even convergence
(2.5) may fail. Hence we will also formulate general results which hold with merely imposing
consistency (2.4).
Remark 2.2 The global estimates in (2.4), (2.5), (2.7) and (2.8) are in general quite restrictive. However, since in what follows we will be interested in the behavior on bounded
subsets of the state space, one can always obtain these properties from the respective local inequalities by applying standard cutoff techniques. Proceeding this way one should, however,
always keep in mind that the larger the regions of interest become, the larger the respective
values εk and L become.

3

Asymptotically stable sets

In this paper we are interested in the asymptotic stability of compact sets A ⊂ Rn . In order
to characterize this property, we make use of the comparison functions classes K∞ and KL
introduced by Hahn [13] to stability analysis problems. As usual we call a continuous function
+
α : R+
0 → R0 of class K∞ if it is zero at zero and strictly increasing to ∞ and we call a
+
+
continuous function β : R+
0 × R0 → R0 of class KL if it is of class K∞ in the first and
strictly decreasing to zero in the second argument.
In order to measure distances between points and sets, for x ∈ Rn and A ⊂ Rn we define
kxkA := inf kx − yk
y∈A

e ⊆ Rn we define the
with k · k denoting the Euclidean metric in Rn . For two sets A, A
nonsymmetric Hausdorff distance dist and the Hausdorff metric dH , respectively, by
e := sup kxk e
dist(A, A)
A

and

e := max{dist(A, A),
e dist(A,
e A)}.
dH (A, A)

x∈A

e = dist(A, A).
e
Figure 1 illustrates this distance concept. In this figure we have dH (A, A)
n
Defining the η–ball around a set by Bη (A) := {x ∈ R | kxkA ≤ η} and denoting its cloe one easily proves the equivalences dist(A, A)
e ≤
sure by cl Bη (A), for compact sets A and A
e
e
e
η ⇔ A ⊆ cl Bη (A). Furthermore, for compact sets A and A the equivalence dH (A, A) ≤
e holds and dH is indeed a metric on the space of compact subsets of Rn .
0⇔A=A
Using these distance concepts we say that a compact set A ⊂ Rn is asymptotically stable
for a system Φ of type (2.1) with open stability neighborhood B ⊆ Rn with A ⊂ B, if there
exists β ∈ KL such that the inequality
kΦ(t, x)kA ≤ β(kxkA , t)
Copyright line will be provided by the publisher
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Fig. 1 Illustration of dist(A, A)

holds for all x ∈ B and all t ∈ T. Here the function β is called attraction rate.
As an example, if we consider A = {0} then the KL–function β(r, t) = e−t r will be an
attraction rate for the
ẋ(t) = −x(t)
√ dynamical system induced by the differential equation
3
2
while β(r, t) = r/ 2tr + 1 will be an attraction rate for ẋ(t) = −x(t) . For higher dimensional examples we will typically have β(r, 0) > r, i.e., the convergence kΦ(t, x)kA → 0 as
t → ∞ induced by this inequality need not be monotone, which is in contrast to the concept
of Lyapunov functions, which are always assumed to decay monotonically.
For systems Φ which are continuous in x, asymptotic stability is equivalent to the properties
of forward invariance and attraction, i.e.,
Φ(h, A) ⊆ A and lim dist(Φ(t, B), A) = 0,
t→∞

(3.1)

cf. [8, Lemma 2.7].
Our goal in this paper is to analyze the relation between asymptotically stable sets of Φ0
e k . More precisely, we will investigate necessary and sufficient conditions under which
and Φ
e k carries over to Φ0 for the limiting set A
asymptotic stability of a family of sets Ak for Φ
satisfying limk→∞ dH (Ak , A) = 0.
e k as a numerical approximation of Φ0 from
Taking into account the interpretation of Φ
Example 2.1, the usefulness of such results for the interpretation of numerical simulations is
obvious. However, as we will see in Section 7 the results also have applications in the stability
analysis of sampled-data systems.
e k , it is usually
Given the mismatch between the exact system Φ0 and its approximations Φ
not reasonable to expect that asymptotic stability carries over from one to another. In this
situation, the following weaker notion, which resembles dissipativity conditions in dynamical
systems theory, is useful:
For a given η > 0, we say that a compact set A ⊂ Rn is η–practically asymptotically
stable for a system Φ of type (2.1) with open stability neighborhood B ⊆ Rn with A ⊂ B, if
there exists β ∈ KL such that the inequality
kΦ(t, x)kA ≤ β(kxkA , t) + η
holds for all x ∈ B and all t ∈ T.
For a sequence of systems Φk , k ∈ N, of type (2.1) we say that A is practically asymptotically stable with stability neighborhood B, if for each k ∈ N it is ηk –practically asymptotically stable for Φk with stability neighborhood B for a sequence ηk → 0 as k → ∞.
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The following lemma shows that for systems continuous in x η–practical asymptotic stability of a set A implies the existence of a “real” asymptotically stable set in the closed η–ball
around A.
Lemma 3.1 Consider a system Φ of type (2.1) which is continuous in x and possesses an
η–practically asymptotically stable set A with stability neighborhood B with attraction rate
β ∈ KL satisfying cl Bη (A) ⊂ B. Then there exists an asymptotically stable set Aη with
stability neighborhood B with dH (Aη , A) ≤ η and attraction rate βη (r, t) ≤ β(r + η, t) + η.

P r o o f. Checking the properties of forward invariance and attraction in (3.1), one sees
that the set
\
[
D :=
cl
Φ(t, B)
T ≥0

t∈T, t≥T

is an asymptotically stable set (even an attractor, see [33, Theorem 2.7.2] for details). Furthermore, the η–practical asymptotic stability yields dist(D, A) ≤ η. Defining
E := cl

[

Φ(t, A) and Aη := D ∪ E

t∈T

one sees that the definition of E implies forward invariance of E and A ⊆ E, thus dist(A, E) =
0. Furthermore, the practical asymptotic stability implies E ⊂ cl Bη (A). Thus, for Aη we
obtain
• dH (Aη , A) ≤ η because
dist(Aη , A) ≤ max{dist(D, A), dist(E, A)} ≤ η and
dist(A, Aη ) ≤ dist(A, E) = 0
• Aη is forward invariant as a union of the forward invariant sets D and E
• dist(Φ(t, B), Aη ) ≤ dist(Φ(t, B), D) → 0
• B is a neighborhood of Aη , because D, E ⊆ cl Bη (A) ⊂ B
This shows the claim using the alternative asymptotic stability characterization (3.1). The
bound on the attraction rate follows from the inequality
kΦ(t, x)kAη ≤ kΦ(t, x)kA ≤ β(kxkA , t) + η ≤ β(kxkAη + η, t) + η
where in the first inequality we used A ⊆ Aη . Thus, if β̃ ∈ KL is any attraction rate of Aη ,
we can conclude that
βη (r, t) = min{β̃(r, t), β(r + η, t)} + η
is again an attraction rate and satisfies the assertion.
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Perturbed systems and embedding

e k which can be treated with control theoretic
In order to obtain a relation between Φ0 and Φ
methods, we need to define suitable perturbed systems.
To this end, in continuous time for time scale T = R+
0 we consider the solutions Ψ(t, x, w)
of a perturbed ordinary differential equation
ẋ(t) = fp (x(t), w(t))

(4.1)

with vector field fp : Rn × W → Rn , perturbation functions w ∈ W = L∞ (R+
0 ,W)
and some perturbation set W ⊆ Rm . For a perturbation function w ∈ W we use the usual
L∞ –norm kwk∞ = ess supt≥0 kw(t)k.
In discrete time for time scale T = hN0 we consider a map
P : R n × W → Rn ,
again with perturbation set W ⊆ Rm , and the discrete time perturbed system Ψ : T × Rn ×
W → Rn with W := l∞ (T, W ) induced by P via
Ψ(0, x, w) = x,

Ψ(t + h, x, w) = P (Ψ(t, x, w), w(t)), t = 0, h, 2h, . . .

(4.2)

In the discrete time case, for w ∈ W we use the l∞ norm kwk∞ = supt∈T kw(t)k.
e of type (4.1) or (4.2)
We do now want to relate two different perturbed systems Ψ and Ψ
e
f
with time scales T and T and perturbation sets W and W , respectively. For this purpose we
define the concept of embedding:
e is called (δ, ρ)–embedded in the system Ψ on a time scale Te ,
Let δ, ρ > 0. The system Ψ
e and for each x ∈ Rn and each w̃ ∈ W
f there exists w ∈ W satisfying
if Te ⊆ T, Te ⊆ T
e x, w̃)
kwk∞ ≤ δ + ρkw̃k∞ and Ψ(t, x, w) = Ψ(t,
for all t ∈ Te .
In order to establish an embedding property for the perturbed systems induced by Φ0 and
e k , we consider a simple class of perturbed systems, the so called inflated systems, cf. [15],
Φ
by specifying fp in (4.1) and P in (4.2) to
fp (x, w) := f (x) + w and P (x, w) := Φ(h, x) + hw,

(4.3)

respectively, for w ∈ W ⊆ Rn .
The following proposition establishes an embedding property for these perturbed systems.
Proposition 4.1 Consider the systems (2.2) and (2.3) satisfying (2.4) and the corresponde k constructed via (4.1), (4.3) or (4.2), (4.3) with perturbation
ing perturbed systems Ψ0 and Ψ
n
f = cl Bα̃ (0) ⊂ Rn .
sets W = cl Bα (0) ⊂ R and W
ek.
Then the following embedding properties hold on T e = T
e k is (εk , 1)–embedded in Ψ0 if α ≥ α̃ + εk , and
(i) If (2.2) is a discrete time system, then Ψ
e k if α̃ ≥ α + εk .
Ψ0 is (εk , 1)–embedded in Ψ
Copyright line will be provided by the publisher
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(ii) If (2.2) is a continuous time system induced by the ordinary differential equation (2.6)
e k is ((1 + Lhk )εk , (1 + Lhk ))–embedded in Ψ0 if α ≥ (1 +
satisfying (2.7), then Ψ
e k if α̃ ≥ eLhk α + εk .
Lhk )(α̃ + εk ), and Ψ0 is (εk , eLhk )–embedded in Ψ
e k in Ψ0 since the converse embedding follows
P r o o f. (i) We only show the embedding Ψ
f there exists
by symmetry. For this it is sufficient to show that for any x ∈ Rn and any w̃ ∈ W
w ∈ W such that
e k (hk , x, w̃)
kwk ≤ εk + kw̃k and Ψ0 (hk , x, w) = Ψ

(4.4)

holds for P and Pek from (4.3) and h = hk , because then the stated embedding property
follows by a straightforward induction over jhk , j = 1, 2, . . ..
Now from (4.3) it follows that the perturbation value
w=

e k (hk , x, w̃) − Φ0 (hk , x)
Ψ
hk

satisfies the second property in (4.4). Using (2.4) and the triangle inequality it is immediate
that this w also satisfies the first property in (4.4). From this, the definition of W yields
w ∈ W which finishes the proof.
e k in Ψ0 . Again, it is sufficient to show the embedding
(ii) We first show the embedding of Ψ
for t = hk , i.e, to construct a suitable perturbation function w on [0, hk ]. To this end we set
∆x :=

e k (hk , x, w̃) − Φ0 (hk , x)
Ψ
,
hk

y(t) := Φ0 (t, x) + t∆x

and define the perturbation function
w(t) = f (Φ0 (t, x)) − f (y(t)) + ∆x.
This yields ẏ(t) = f (y(t)) + w(t) and thus by uniqueness of the solution Ψ0 (hk , x, w) =
y(hk ) = Ψk (hk , x, w̃), i.e., the second property in (4.4). Furthermore, from (2.4) and (4.2)
we obtain the estimate k∆xk ≤ εk + kw̃k∞ and thus for t ∈ [0, hk ]
kw(t)k ≤ LkΦ0 (t, x) − y(t)k + k∆xk ≤ (1 + Lhk )k∆xk ≤ (1 + Lhk )(εk + kw̃k∞ ).
This shows the first property in (4.4).
For the converse embedding, from the estimate
Z hk
kΨ0 (hk , x, w) − Φ0 (hk , x)k ≤
kf (Ψ0 (t, x, w)) − f (Φ0 (hk , x))k + kw(t)kdt
0

using the Lipschitz continuity of f and Gronwall’s Lemma we obtain
kΨ0 (hk , x, w) − Φ0 (hk , x)k ≤ eLhk hk kwk∞ .

(4.5)

Now, setting
w̃ =

e k (hk , x)
Ψ0 (hk , x, w) − Φ
hk
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we obtain the second property in (4.4) and consistency (2.4) and the above estimate (4.5) yield
kw̃k ≤

e k (hk , x)k
kΨ0 (hk , x, w) − Φ0 (hk , x)k + kΦ0 (hk , x) − Φ
≤ eLhk kwk∞ + εk
hk

which shows the first property in (4.4).

5

Input-to-state stability

The input-to-state stability (ISS) property was introduced by Sontag [29] as a robust stability
property for nonlinear perturbed systems and — along with its various variants — has found
a vast amount of applications, see, e.g., the survey papers [30, 31]. Here, we use a version
of this property which applies to arbitrary compact sets and is restricted to a certain stability
neighborhood B:
We say that the system Ψ is input-to-state stable (ISS) with respect to a compact set A ⊂
Rn , a stability neighborhood B and a perturbation set W , if there exist β ∈ KL and γ ∈ K∞
such that the inequality
kΨ(t, x, w)kA ≤ β(kxkA , t) + γ(kwk∞ )
holds for all x ∈ B and all t ∈ hN0 . Here the function β is called (ISS) attraction rate and
the function γ is called robustness gain.
Analogous to the η–practical asymptotic stability for some η > 0 we say that the system Ψ
is η–practically input-to-state stable (η–ISS) with respect to a compact set A ⊂ Rn , a stability
neighborhood B and a perturbation set W , if there exist β ∈ KL and γ ∈ K∞ such that the
inequality
kΨ(t, x, w)kA ≤ β(kxkA , t) + γ(kwk∞ ) + η
holds for all x ∈ B and all t ∈ hN0 .
For a sequence of systems Φk , k ∈ N, of type (2.1) we say that A is practically input-tostate stable (practically ISS) with stability neighborhood B, if for each k ∈ N it is ηk –ISS for
Φk with stability neighborhood B for a sequence ηk → 0 as k → ∞.
It is easily seen that ISS (η–ISS, practical ISS) implies asymptotic stability (η–practical
asymptotic stability, practical asymptotic stability, respectively) of A for the unperturbed system Ψ(t, x, 0).
The following proposition will be crucial for the analysis in this paper. It shows that ISS
implies η–ISS for an (δ, ρ)–embedded system.
e such that Ψ
e
Proposition 5.1 Let δ, ρ > 0 and consider two perturbed systems Ψ and Ψ
is (δ, ρ)–embedded in the system Ψ. Assume that Ψ is η–ISS with respect to a compact set
A ⊂ Rn and a stability neighborhood B with η > 0, β ∈ KL and γ ∈ K∞ .
e is η̃–ISS with respect to A and the stability neighborhood B with η̃ =
Then the system Ψ
η + γ(δ), the same β ∈ KL and γ̃ ∈ K∞ given by γ̃(r) = γ(ρr + δ) − γ(δ).
P r o o f. From the embedding property one obtains
e x, w̃)kA = kΨ(t, x, w)kA
kΨ(t,

≤ β(kxkA , t) + γ(kwk∞ ) + η
≤ β(kxkA , t) + γ(ρkw̃k∞ + δ) + η
= β(kxkA , t) + γ̃(kw̃k∞ ) + η̃
Copyright line will be provided by the publisher
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which shows the claim.
For inflated systems (4.3) based on unperturbed systems satisfying (2.7) or (2.8), ISS is an
inherent property of asymptotically stable sets, if the perturbation set W is chosen sufficiently
small. Even more, the following proposition shows that the ISS attraction rate β coincides
with the attraction rate of the unperturbed system and that there exists a robustness gain γ,
which only depends on the attraction rate β, the Lipschitz constant L in (2.7) or (2.8) and the
size of the stability neighborhood B, measured via dH (B, A) and
dmin (B, A) = sup{ε > 0 | Bε (A) ⊂ B}.
Note that the strict inequality dmin (B, A) < dist(B, A) holds if B is not a ball around A.
Furthermore we have dmin (B, A) = 0 if B is not a neighborhood of A.
Proposition 5.2 There exist maps
γ : KL × R+ × R+ → K∞

and α : KL × R+ × R+ × R+ → R+

such that for each system (2.1) satisfying (2.6), (2.7) if T = R and (2.8) if T = hN0 ,
and each asymptotically stable set A ⊂ Rd with attraction rate β ∈ KL and bounded
attracted neighborhood B, the inflated perturbed system (4.2), (4.3) with perturbation set
W = Bα(β,dH (B,A),dmin (B,A),L) (0) is ISS with respect to A with stability neighborhood B,
same attraction rate β and robustness gain γ(β, dH (B, A), L).
P r o o f. First observe that from Gronwall’s Lemma and (2.7) in the continuous time case
or by induction and (2.8) in the discrete time case we obtain
kΨ(t, x, w) − Φ(t, x)k ≤ eLt kwk∞ .

(5.1)

Abbreviate dmax = dH (B, A) and dmin = dmin (B, A). We pick ε ∈ (0, dmin /2] maximal
such that β(ε, 0) ≤ dmin /2 holds, T > 0 minimal with β(dmax , T ) ≤ ε/2 and set
α = α(β, dH (B, A), dmin (B, A), L) :=

ε
.
2eLT

Using (5.1) and induction over i ∈ N this yields kΨ(iT, x, w)kA ≤ ε for all perturbation
functions w with w(t) ∈ W = Bα (0). For t ∈ [iT, (i + 1)T ) we can conclude
kΨ(t, x, w)kA ≤ β(kΨ(iT, x, w)kA , t − iT ) + eLt kwk ≤ β(ε, 0) + eLt kwk < dmin
which implies Ψ(t, x, w) ∈ Bdmin (A) ⊂ B for all x ∈ B, all t ≥ T and all perturbation
functions w with w(t) ∈ W .
√
Now for each η ∈ (0, α] we pick tη ≥ T maximal with eLtη ≤ 1/ η, which implies
tη → ∞ as η → 0. With this choice of tη from (5.1) for each x ∈ B and each w with
w(t) ∈ W we obtain
p
kΨ(t, x, w)kA ≤ β(kxkA , t) + kwk∞
for t ∈ [0, tkwk∞ ]. For t ≥ tkwk∞ we proceed inductively over i ∈ N in order to obtain
p
kΨ(itkwk∞ , x, wk ≤ β(dmax , tkwk∞ ) + kwk∞ . For t ≥ tkwk∞ this implies
p
p
kΨ(t, x, w)kA ≤ β(β(dmax , tkwk∞ ) + kwk∞ , 0) + kwk∞ .
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This yields
kΨ(t, x, w)kA ≤ β(kxkA , t) + γ(kwk∞ )
√
√
for γ ∈ K∞ given by γ(η) := β(β(dmax , tη ) + η, 0) + η.
Remark 5.3 (i) Alternative versions of this result can be found in [8, Theorem 4.1 and
Proposition 4.5] or [6, Proposition 3.4.1 and Proposition 3.4.4]. In these references the ISS
attraction rate β is not determined, however, a tighter estimate for the robustness gain γ is
given. In particular, if A attracts exponentially, i.e., β(r, t) = ρe−λt r, then this tighter estimate yields that γ(β, dH (B, A), L) is a linear function, cf. [8, Example 4.2] or [6, Example
4.2.2].
(ii) An inspection of the proof reveals that we can replace the Lipschitz assumptions (2.7) or
(2.8) by the inequality
kΨ(t, x, 0) − Ψ(t, x, w)k ≤ C(t)ν(kwk)
for all t ∈ T, x ∈ B and w ∈ W, a continuous function C : R+
0 → R and a function ν ∈ K∞ .
(iii) The proof technique of establishing ISS or similar properties via finite time trajectory
based estimates has been used by a couple of authors, see, e.g., [1] or [22] for similar results.
Remark 5.4 In what follows we will work directly with the ISS estimate. Alternatively,
as, e.g., in [16, 23], one may work with suitable Lyapunov functions which ensure a robust
stability property. These two approaches are essentially equivalent, because for a variant of
the ISS property, the so called input-to-state dynamical stability (ISDS), one can show that the
attraction rate β and the robustness gain γ can be “encoded” in a suitable Lyapunov function,
such that both approaches yield the same estimates, cf. [6, 7]. This, however, requires the
use of technically complicated rate preserving converse ISDS Lyapunov function theorems,
which we avoid here by working directly with the ISS inequality.

6 Numerical Dynamics
In this section we investigate the relation between stability properties of solutions of ordinary
e k as in the setting of Example 2.1. For
equations Φ0 and numerical one step approximations Φ
this setting we make the following assumptions.
Assumption 6.1 (i) The exact system Φ0 in (2.2) is induced by a differential equation (2.6)
satisfying (2.7) and is thus defined for T = R+
0.
e
(ii) The approximate systems Φk in (2.3) are defined by stable and consistent (2.4) numerical one step schemes according to Example 2.1 and are thus convergent (2.5) and satisfy the
Lipschitz condition (2.8). The corresponding time steps hk ∈ (0, hmax ] are either constant,
i.e., hk ≡ h > 0, or decreasing to 0, i.e., limk→∞ hk = 0.
Under this assumption, the following theorem shows the precise relation between asymptotically stable sets of Φ0 and asymptotically stable and practically asymptotically stable sets,
ek.
respectively, for Φ
e k from (2.3)
Theorem 6.2 Consider exact and approximate systems Φ0 from (2.2) and Φ
meeting Assumption 6.1. Let T0 = hk N0 if the sequence hk in Assumption 6.1(ii) is conn
stant and let T = R+
0 if hk → 0. Let A ⊂ R be a compact set with open and bounded
neighborhood B. Then the following statements are equivalent.
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(i) A is asymptotically stable for Φ0 with stability neighborhood B.
e k with
(ii) For all sufficiently large k ∈ N the set A is practically asymptotically stable for Φ
stability neighborhood B and attraction rate β ∈ KL independent of k.
(iii) For all sufficiently large k ∈ N there exist compact sets Ak ⊂ B with dH (Ak , A) → 0
e k with stability neighborhood B and
as k → ∞ which are asymptotically stable for Φ
attraction rate β̃ ∈ KL independent of k.
Moreover, if these statements hold, then the functions β and β̃ from (ii) and (iii) are attraction
rates for A and Φ0 .
P r o o f. “(i) ⇒ (ii)”: Consider the inflated systems Ψ0 constructed according to (4.1),
(4.3) from Φ0 . From Proposition 5.2 we obtain that this system is ISS with respect to A for
perturbation set W = cl Bα (0) for some α > 0 and γ ∈ K∞ and ISS attraction rate β equal
to the unperturbed attraction rate β.
Now pick some ε ∈ (0, α/(1+Lhmax )). Then for sufficiently large k ∈ N, i.e., sufficiently
small εk , we have that (1 + Lhk )(εk + ε) < α. Thus Proposition 4.1(ii) yields that the
e k constructed from Φ
e k via (4.2), (4.3) with perturbation set W
f = cl Bε (0)
perturbed system Ψ
is ((1 + Lhk )εk , (1 + Lhk ))–embedded in Ψhk .
From this embedding property Proposition 5.1 applied with η = 0 yields that A is ηk –ISS
e k for ηk = γ((1 + Lhk )εk ), implying that A is ηk –practically asymptotically stable for
for Ψ
e
Φk with attraction rate β.
“(ii) ⇒ (iii)”: Let ηk be the constants in the practical asymptotic stability property. Then
Lemma 3.1 implies the existence of the asymptotically stable sets Ak satisfying dH (Ak , A) ≤
ηk → 0 as k → ∞.
In order to show the existence of the uniform attraction rate β̃, observe that Lemma 3.1
yields an attraction rate βk satisfying βk (r, t) ≤ β̃(r +ηk , t)+ηk for Ak . From this inequality
Lemma A.1 applied with dk = ηk yields the existence of β̃.
e k implies for each fixed t ∈ T0 and each x ∈ B
“(iii) ⇒ (i)”: The convergence (2.5) of Φ
kΦ(t, x)kA

≤

kΦ(t, x)kAk + dH (Ak , A)
e k (t, x)kA + C(t)εk + dH (Ak , A)
kΦ

≤
k
≤ β(kxkAk , t) + C(t)εk + dH (Ak , A)
≤ β(kxkA + dH (Ak , A), t) + C(t)εk + dH (Ak , A)
for each k ∈ N. For k → ∞ this yields the estimate
kΦ(t, x)kA ≤ β(kxkA , t)
which shows that A is asymptotically stable with attraction rate β. A similar inequality shows
that β̃ from (ii) is also an attraction rate for A.
Remark 6.3 (i) If we follow the proof from (i) to (iii), then we obtain the inequality
dH (Ak , A) ≤ ηk ≤ γ((1 + Lhk )εk ),
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for Ak in (iii) in where γ ∈ K∞ is an ISS robustness gain of A in (i). In particular, if A in (i)
attracts exponentially then using Remark 5.3 we can conclude that in (iii) the estimate
dH (Ak , A) ≤ Cεk
holds for some constant C > 0 and all sufficiently large k > 0.
(ii) The implication “(i) ⇒ (iii)” is a variant of the Theorem by Kloeden and Lorenz [16],
who were the first to study the relation between asymptotic stability of ordinary differential
equations and their one step discretizations.
Example 6.4 We illustrate the theorem with a slight variation of a classical example from
[3]. Consider the two-dimensional ordinary differential equation given by


0 1
ẋ =
x − max{kxk − 1, 0}x
−1 0
for x = (x1 , x2 )T ∈ R2 .
Figure 2 shows, from left to right, two solutions of the original system, of its (explicit)
Euler discretization (with time step h = 1/2) and of its implicit Euler discretization (with
time step h = 1/2), respectively. The initial values for these solutions are x00 = (0, 2) and
x000 = (0, 1/2) and the solutions are computed for t ∈ [0, 20]. In addition, in the first two
e
figures the shaded regions show the minimal attracting sets A and A.
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Fig. 2 Exact, explicit and implicit Euler solutions of Example 6.4

It is easily seen that for the original system each disc
Da := {x ∈ R2 | kxk ≤ a}
with a ≥ √1 is an attracting set, while for the Euler discretization each disc Da with a ∈
[(1 + h − 1 − h2 )/h, c(h)] is an attracting set, where c(h) → ∞ as h → 0. For the implicit
Euler discretization it turns out that each disc Da with a ∈ [0, c̃(h)] is an attracting set, with
c̃(h) → ∞ as h → 0. Hence, indeed, for both discretizations there exist attracting sets
approaching Da for each a ≥ 1. According to Theorem 6.2, these sets must have an attraction
rate independent from the numerical accuracy (which here is linked with the time step), which
can be confirmed by numerical simulations.
e = {0} which exists for the implicit Euler
In contrast to this, the asymptotically stable set A
scheme for each time step h > 0 cannot have attraction rate independent of h, because this set
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e = {0} in the implicit
Fig. 3 Numerically measured attraction rate for the asymptotically stable set A
Euler discretization with time steps hk = 2−k , k = 1, . . . , 5 (bottom to top)

is not asymptotically stable for the exact system. Figure 3 shows the attraction rates for time
steps hk = 2−k , i = k, . . . , 5 (bottom to top) and confirms this theoretical result numerically:
obviously the attraction rate depends on the numerical accuracy.

7

Sampled-data control

In this section we consider control systems induced by ordinary differential equations
ẋ = g(x, u)

(7.1)

with vector field g : Rn × U → Rn and control value set U ⊂ Rm which, again to keep the
presentation simple, we assume to be compact. We want to control the system by a static state
feedback law u : Rn → U . In continuous time the implementation of such a feedback law
leads to the continuous time closed loop system
ẋ(t) = g(x(t), u(x(t))),

(7.2)

whose solutions we denote by Φu0 (t, x).
In practice, feedback laws are often implemented using a digital device which implies
that a continuous evaluation of u(x(t)) for all t ∈ R+
0 is not possible. Instead, u(x(t)) can
only be evaluated at discrete times t0 , t1 , . . ., the sampling times, which here for simplicity of
exposition we chose as ti = hi for i ∈ N0 and the sampling period h > 0. Assuming that the
control value is held constant in each sampling interval, i.e., that the digital-analog converter
is a zero order hold device, this leads to the sampled-data closed loop system
ẋ(t) = g(x(t), u(x(ti ))),

t ∈ [ti , ti+1 ), i ∈ N0

(7.3)

For a given feedback u : Rn → U by Φuh (t, x) : Th × Rn → Rn we denote the discrete
time system on Th = hN0 obtained from the solution of (7.3). Note that this is still a stylized
model, because it does not incorporate additional properties of digital control schemes like,
e.g, delays in computing u(x(ti )) from the measurement x(ti ). Still, it captures an essential
feature of sampled-data control systems, namely that the control value cannot be continuously
adapted to the current state. It is important to keep in mind that the sampling period h does not
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merely determine the time scale Th on which Φuh is defined. Rather, it has a physical meaning
because it determines the intervals on which u(x(ti )) is held constant in (7.3).
Our goal in this section is to give conditions under which a compact set A is practically
asymptotically stable for the sampled-data system (7.3). These results are similar in spirit to
[24, 23] (for an introduction to the subject see [18]), with the difference that here we derive
necessary and sufficient conditions instead of merely sufficient conditions.
Our first result uses the assumption that we have a feedback law u which renders a certain
compact set A asymptotically stable for the continuous time closed loop system (7.2). In order
to ensure consistency of (7.3) and (7.2) we assume that the right hand side of (7.2) satisfies a
suitable global Lipschitz assumption, furthermore we impose a global bound on g.1
Theorem 7.1 Consider the continuous and sampled-data closed loop systems Φu0 from
(7.2) and Φuhk from (7.3) for a sequence of sampling periods hk → 0. Assume that the function
g from (7.2) is globally Lipschitz in x uniformly in u with constant L and that x 7→ g(x, u(x))
is globally Lipschitz, again with constant L, and bounded by some constant M > 0. Let
A ⊂ Rn be a compact set with open and bounded neighborhood B. Then the following
statements are equivalent.
(i) A is asymptotically stable for Φu0 with stability neighborhood B.
(ii) For all sufficiently large k ∈ N the set A is practically asymptotically stable for Φuhk with
stability neighborhood B and attraction rate β̃ ∈ KL independent of k.
(iii) For all sufficiently large k ∈ N there exist compact sets Ak ⊂ B with dH (Ak , A) → 0
as k → ∞ which are asymptotically stable for Φuhk with stability neighborhood B and
attraction rate β ∈ KL independent of k.
P r o o f. It is sufficient to show that Φu0 and Φuhk satisfy the consistency inequality (2.4) for
e k = Φu
a suitable sequence εk → 0, because then Theorem 6.2 applied with Φ0 = Φu0 and Φ
hk
yields the assertion.
In order to prove (2.4) observe that the boundedness assumption on g implies
kΦu0 (hk , x) − xk ≤ hk M and kΦuhk (hk , x) − xk ≤ hk M.
From this we obtain
Z

kΦu0 (hk , x) − Φuhk (hk , x)k =

hk

g(Φu0 (t, x), u(Φu0 (t, x))) − g(x, u(x))

0

+ g(x, u(x)) − g(Φuhk (t, x), u(x))dt
Z

hk

Lkx − Φu0 (t, x)k + Lkx − Φuhk (t, x)kdt

≤
0

Z
≤

hk

2Lhk M dt = 2LM hk 2

0

which implies (2.4) with εk = 2LM hk .
1 Again, these assumption are supposed to be global in order to simplify the presentation, cf. Remark 2.2
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This theorem shows that a stabilizing feedback law u designed for the continuous time
system (7.2) also works for the sampled-data system (7.3) if the sampling period h > 0 is
sufficiently small. In practice, however, this way of designing u may perform poorly if the
sampling period h > 0 cannot be chosen arbitrarily small, e.g., due to hardware limitations
in the physical realization of the system or the controller. This is particularly important if we
want our stability neighborhood B to become large, because the larger the region of interest
becomes the larger the respective constants and robustness gains in our estimates may become,
cf. Remark 2.2, and consequently the smaller the sampling period h > 0 must be.
It may therefore be desirable to design a feedback law uh directly in discrete time for (7.3).
When proceeding this way we face the problem that the discrete time system Φuh induced by
(7.3) is hardly ever known exactly, because it is the solution of a nonlinear ordinary differential equation. Therefore, typically one has to design the feedback controller for a family of
e u , k ∈ N, to Φu , see, e.g., [4, 5, 9, 10, 11, 12, 18, 21, 25, 27, 26] for examapproximations Φ
k
h
ples of such design methods. Since a feedback law constructed on basis of an approximation
e u will depend on k, we need to consider sequences of feedback laws uk in the following
Φ
k
definition of the approximating systems:
For a sequence of feedback laws uk : Rn → U and k ∈ N we consider the family of
approximating systems
e uk : Tk × Rn → Rn
Φ
k

(7.4)

on the time scale Tk := hk N0 for sampling periods hk ∈ (0, hmax ]. In what follows these
sampling periods hk may be chosen arbitrarily, in particular they may be constant hk ≡ h > 0
or converging to 0 as k → ∞.
e uk we fix a sequence uk
In order to formalize the approximation property of the family Φ
k
of feedback laws and generalize the consistency and convergence conditions (2.4) and (2.5)
to systems with feedback, an idea that apparently was first used in [24]2:
e uk is consistent, if there exists a seWe say that the family of approximating systems Φ
k
quence εk → 0 such that
e uk (hk , x)k ≤ hk εk
kΦuhkk (hk , x) − Φ
k

(7.5)

holds, and we say that the approximate system is convergent if there exists a continuous function C : R+
0 → R such that
e uk (t, x)k ≤ C(t)εk
kΦuhkk (t, x) − Φ
k

(7.6)

holds for all t ∈ Tk .
e uk (hk , x) can be obtained as in Example 2.1, apIn practice, a consistent approximation Φ
k
plying a numerical one step scheme with step size ∆tk = hk or ∆tk = h/k to the vector field
e k (hk , x, u) in (x, uk (x)). Alternatively, in
f (x) = g(x, u) and evaluating the resulting map Φ
the literature often Fliess series approximations to Φuhk are used as approximate models, e.g. in
e k (x, u) satisfy the Lips[11, 21, 25]. Convergence of these schemes follows if the systems Φ
chitz condition (2.8) for a Lipschitz constant L > 0 independent of k, however, if the feedback
laws uk are discontinuous, then (2.8) cannot hold and convergence may fail. Of course, the
2 In this reference convergence is called multi-step consistency.
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regularity of the maps uk strongly depends on the sampled data feedback design method employed. While for series based (re-)design methods as presented, e.g., in [11, 21, 25] or for
the Euler backstepping method [27, 18] the Lipschitz property can be expected or even rigorously proved, optimal control based design methods as in [5, 9, 10, 12, 26] typically yield
discontinuous feedback laws uk , for which convergence (7.6) cannot be expected in general.
The question which naturally arises then is the following: Given a sequence of feedback
laws uk designed in order to (practically) stabilize a certain set A for the increasingly accue uk , under which necessary and sufficient conditions will these feedbacks also
rate models Φ
k
render the set A practically asymptotically stable for the exact sampled-data model Φuhkk for
sufficiently large k?
In order to answer this question, Theorem 6.2 is not directly applicable, because in general
we do not have a suitable limiting system for k → ∞ playing the role of Φ0 in statement (i)
of Theorem 6.2. However, we can still formulate necessary and sufficient conditions using
e uk . In the
suitable variants of the statements (ii) or (iii) of Theorem 6.2 for both Φuhkk and Φ
k
sequel we will demonstrate how to derive such variants based on statement (ii).
The precise formulation of these variants depends on the regularity and convergence properties of Φuk k . Here, for the sake of brevity, we restrict ourselves to two cases, namely the
e uk satisfying (2.8) with L independent of k (and thus satisfying (7.6)) and the case
case of Φ
k
e uk . Other cases can be
of merely consistent but not necessarily convergent approximations Φ
k
treated as well, for instance, a sufficient condition for the case of possibly discontinuous but
convergent approximations is given in [24, Theorem 1]. Since we aim at necessary and sufficient conditions, for the non-convergent case mere asymptotic stability of the respective sets
is not sufficient. Instead, we need a robust form of asymptotic stability, which we formulate
in terms of practical ISS for the respective inflated systems.
Theorem 7.2 Consider a sequence of feedback laws uk : Rn → U and the corresponding
e uk from (7.4), which are
exact and approximate sampled data systems Φuhkk from (7.3) and Φ
k
n
supposed to be consistent in the sense of (7.5). Let A ⊂ R be a compact set with open and
bounded neighborhood B. Then the following assertions hold.
1. (non-convergent case) The following statements are equivalent:
(i) For all sufficiently large k ∈ N the set A is practically ISS with stability neighborhood
B for the inflated system (4.2), (4.3) associated to Φuhkk with robustness gains γk ∈ K∞
satisfying limk→∞ γk (Cεk ) → 0 for each C > 0.
(ii) For all sufficiently large k ∈ N the set A is practically ISS with stability neighborhood
e uk with robustness gains γk ∈ K∞
B for the inflated system (4.2), (4.3) associated to Φ
k
satisfying limk→∞ γk (Cεk ) → 0 for each C > 0.
e uk satisfy (2.8) with L independent of k
2. (Lipschitz and convergent case) If the Φuhkk and Φ
k
and (7.6), then the following statements are equivalent:
(i) For all sufficiently large k ∈ N the set A is practically asymptotically stable for Φuhkk with
stability neighborhood B and attraction rate β ∈ KL independent of k ∈ N.
e uk with
(ii) For all sufficiently large k ∈ N the set A is practically asymptotically stable for Φ
k
stability neighborhood B and attraction rate β̃ ∈ KL independent of k.
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P r o o f. First note that in both 1. and 2. the statements (i) and (ii) are symmetric. Thus,
in both cases it is sufficient to show (i) ⇒ (ii). For this purpose we denote the two inflated
e k , respectively. Then from (7.5) and Proposition 4.1(ii) we obtain that
systems by Ψk and Ψ
these systems are (εk , 1)–embedded in each other.
1. (i) From the practical ISS property of Ψk by Proposition 5.1 we can conclude practical ISS
e k with γ̃k (r) = γk (r + εk ) − γk (εk ). The asserted limit property follows from
of A for Ψ
γ̃k (Cεk ) ≤ γk ((C + 1)εk ) → 0 for k → ∞.
2. Assume that A is practically asymptotically stable for Φuhkk with attraction rate β independent of k. Let ηk → 0 denote the constants from the practical asymptotic stability property. Then Lemma 3.1 yields the existence of asymptotically stable sets Ak for Φuhkk with
ek , A) ≤ ηk and attraction rates βk (r, t) ≤ β(r + ηk , t) + ηk . From this, by
dk := dH (A
Lemma A.1 we obtain that the sets Ak have an attraction rate β̃ independent of k.
By Theorem 5.2 the Lipschitz property (2.8) implies that these sets Ak are ISS with attraction rate β̃, robustness gain γ ∈ K∞ and perturbation set W = Bα (0) independent of k for
the inflated system Ψk . Thus, by Proposition 5.1, for sufficiently large k the sets Ak are prace k with attraction rate β̃ independent of k. Consequently,
tically ISS for the inflated system Ψ
e uk with attraction rate β̃ independent of
they are also practically asymptotically stable for Φ
k
k.
Remark 7.3 (i) In the non-convergent case, it follows that the asserted ISS property of
the controlled approximated systems (7.4) is sufficient for asymptotic stability of the exact
sampled-data system (7.3). In fact, this robust stability property is at the heart of many stability proofs for sampled-data systems in the literature, even if rarely explicitly mentioned.
The respective ISS property for the inflated system is often ensured via Lyapunov functions,
as in [9], [25] or [23], or via optimal value functions as in [4]. Our result shows that these
conditions are not only sufficient for practical asymptotic stability but in fact necessary and
sufficient for the exact sampled-data system (7.3) being practically ISS w.r.t. inflation.
(ii) It is interesting to note that our theorem holds similarly for vanishing sampling period
sequences hk → 0 and for constant sequences hk ≡ h, while in the literature these cases are
often treated separately, as in [9] or [23]. The reason for this is that when ensuring ISS via
Lyapunov functions, for constant sampling rates equi-continuity of the corresponding Lyapunov functions Vk is sufficient while for vanishing sampling-rate stronger continuity properties (typically Lipschitz assumptions with constants independent of k) on the Vk are needed.
(iii) Our approach is tailored to treat asymptotic stability questions. However, it is reasonable to expect that similar necessary and sufficient uniformity statements could be made for
other qualitative properties of sampled-data systems, in particular for properties which admit
a dissipation-like characterization [19].

A

Appendix: A technical result on KL functions

In this appendix we formulate and prove a useful property of a sequence of KL–functions
which is used in the proofs of Theorem 6.2 and Theorem 7.2.
Lemma A.1 Let µ ∈ KL, βk ∈ KL and dk ∈ R+
0 for k ∈ N satisfying dk → 0 and
βk (r, t) ≤ µ(r + dk , t) + dk for all k ∈ N. Then there exists β ∈ KL with βk (r, t) ≤ β(r, t)
for all k ∈ N.
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P r o o f. Defining β0 (r, t) = 2µ(r, t) and
β(r, t) :=

sup

βk (r, t),

k=0,1,2,...

this function β obviously satisfies βk ≤ β for all k ∈ N. It remains to show that β ∈ KL.
To this end we first prove that for each compact set D = [r1 , r2 ] × [0, T ] for r2 > r1 > 0
and T > 0, there exists k0 (D) > 0 such that
β(r, t) =

max
k=0,1,...,k0 (D)

βk (r, t)

(A.1)

holds for all (r, t) ∈ D.
In order to prove (A.1) we define ε := min(r,t)∈D µ(r, t) > 0. Now µ is uniformly
continuous on the compact set D. Thus, since dk → 0 we find k0 ∈ N such that µ(r, dk , t) +
dk ≤ ε holds for all (r, t) ∈ D and all k > k0 (D). This choice of k0 (D) yields
βk (r, t) ≤ µ(r, t) + ε ≤ 2µ(r, t) = β0 (r, t)
for all (r, t) ∈ D and all k > k0 (D), which implies (A.1).
From (A.1) we immediately obtain that continuity and the strict monotonicity properties
carry over from the βk to β on D and thus on (0, ∞) × [0, ∞). Since β(0, t) = 0 is obvious
for all t ≥ 0 from the construction, it remains to show continuity at {0} × [0, ∞), i.e.,
lim sup β(r, t) = 0

r→0 t≥0

(A.2)

and the limit property
lim β(r, t) = 0 for all r ≥ 0.

t→∞

(A.3)

In order to prove (A.2) we show that for each ε > 0 there exists rε > 0 such that β(rε , 0) <
ε holds. Then the monotonicity of β yields β(r, t) < ε for all r ∈ [0, rε ] and all t ≥ 0, which
implies (A.2) since ε > 0 was arbitrary. In order to show the existence of this rε > 0, choose
kε > 0 such that µ(dk , 0) + dk < ε holds for all k > kε . Then, for any r > 0 the inequality
β(r, 0) ≥ ε implies β(r, 0) ≤ maxk=0,1,...,kε βk (r, 0). Since this expression tends to 0 as
r → 0, we obtain the existence of rε > 0 with β(rε , 0) < ε.
Inequality (A.3) is proved analogously.
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Lars Grüne: Input-to-state stability, numerical dynamics and sampled-data control
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[26] D. Nešić and L. Grüne. A receding horizon control approach to sampled-data implementation of
continuous–time controllers. Systems Control Lett., 2006. Special Issue on New Trends in Applied
Nonlinear Control, to appear.
Copyright line will be provided by the publisher

gamm header will be provided by the publisher

21
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