Nonlinear Model Predictive Control

Lars Griine

Mathematical Institute, University of Bayreuth, Germany

AICES Regional School, RWTH Aachen, 12 May 2016



Contents

(1) Introduction: What is Model Predictive Control?

(2) Background material
(2a) Lyapunov Functions
(2b) Dynamic Programming
(2c) Relaxed Dynamic Programming

(3) Stabilizing Model Predictive Control with stabilizing
terminal conditions

(4) Stabilizing Model Predictive Control without terminal
conditions

(5) Economic Model Predictive Control

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 2



(1) Introduction
What is Model Predictive Control (MPC)?



Setup
We consider nonlinear discrete time control systems
Taln+1) = f(za(n),u()), z.(0) = o

or, briefly
" = f(x,u)

withz e X, uelU
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Setup
We consider nonlinear discrete time control systems
zaln+1) = f(wa(n),uln), z4(0) =z,
or, briefly
" = f(x,u)

withz e X, uelU

@ we consider discrete time systems for simplicity of
exposition

@ continuous time systems can be treated by using the
discrete time representation of the corresponding sampled
data system or a numerical approximation
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Setup

We consider nonlinear discrete time control systems

Tu(n +1) = f(zu(n),u(n)), z4(0) =g
or, briefly

" = f(x,u)
withz e X, uelU

@ we consider discrete time systems for simplicity of
exposition

@ continuous time systems can be treated by using the
discrete time representation of the corresponding sampled
data system or a numerical approximation

@ X and U depend on the model. These may be Euclidean
spaces R™ and R™ or more general (e.g., infinite
dimensional) spaces.
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Setup

We consider nonlinear discrete time control systems

Tu(n +1) = f(zu(n),u(n)), z4(0) =g
or, briefly

" = f(x,u)
withz e X, uelU

@ we consider discrete time systems for simplicity of
exposition

@ continuous time systems can be treated by using the
discrete time representation of the corresponding sampled
data system or a numerical approximation

@ X and U depend on the model. These may be Euclidean
spaces R™ and R™ or more general (e.g., infinite
dimensional) spaces. For simplicity of exposition we
assume that we have a norm || - || on both spaces
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Prototype Problem

Assume there exists an equilibrium =, € X for u =0, i.e.

f(z4,0) =z,
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Prototype Problem

Assume there exists an equilibrium =, € X for u =0, i.e.
f(z4,0) =z,

Task: stabilize the system

vt = f(x,u)

at x, via static state feedback
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Prototype Problem

Assume there exists an equilibrium =, € X for u =0, i.e.

Task: stabilize the system

vt = f(x,u)

at x, via static state feedback, i.e., find ;o : X — U, such that
x, is asymptotically stable for the feedback controlled system

2u(n+1) = F(z,(n), w(@,(n)), 2(0) = o
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Prototype Problem

Assume there exists an equilibrium =, € X for u =0, i.e.

Task: stabilize the system

vt = f(x,u)

at x, via static state feedback, i.e., find ;o : X — U, such that
x, is asymptotically stable for the feedback controlled system

2u(n+1) = F(z,(n), w(@,(n)), 2(0) = o

Additionally, we impose state constraints  z,(n) € X
and control constraints p(z(n)) € U

for all n € N and given sets X C X, U C U
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Prototype Problem

Asymptotic stability means
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Prototype Problem

Asymptotic stability means

Attraction: x,(n) — x. as n — oo
plus
Stability: Solutions starting close to z, remain close to .

(we will later formalize this property using KCL functions)
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Prototype Problem

Asymptotic stability means

Attraction: x,(n) — x. as n — oo
plus
Stability: Solutions starting close to z, remain close to .

(we will later formalize this property using KCL functions)

Informal interpretation: control the system to z, and keep it
there while obeying the state and control constraints
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Prototype Problem

Asymptotic stability means

Attraction: x,(n) — x. as n — oo

plus

Stability: Solutions starting close to z, remain close to .
(we will later formalize this property using KCL functions)

Informal interpretation: control the system to z, and keep it
there while obeying the state and control constraints

Idea of MPC: use an optimal control problem which minimizes
the distance to x, in order to synthesize a feedback law 1
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The idea of MPC

For defining the MPC scheme, we choose a stage cost /(x, u)
penalizing the distance from x, and the control effort, e.g.,
Uz, u) = ||z — 2> + AlJu||? for A >0
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The idea of MPC

For defining the MPC scheme, we choose a stage cost /(x, u)
penalizing the distance from x, and the control effort, e.g.,
Uz u) = ||z — 2,]]? + A||ul|? for A >0

The basic idea of MPC is:

@ minimize the summed stage cost along trajectories
generated from our model over a prediction horizon N

@ use the first element of the resulting optimal control
sequence as feedback value

@ repeat this procedure iteratively for all sampling instants
n=0,1,2,...
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The idea of MPC

For defining the MPC scheme, we choose a stage cost /(x, u)
penalizing the distance from x, and the control effort, e.g.,
Uz u) = ||z — 2,]]? + A||ul|? for A >0

The basic idea of MPC is:

@ minimize the summed stage cost along trajectories
generated from our model over a prediction horizon N

@ use the first element of the resulting optimal control
sequence as feedback value

@ repeat this procedure iteratively for all sampling instants
n=0,1,2,...
Notation in what follows:
@ general feedback laws will be denoted by 1
@ the MPC feedback law will be denoted by iy
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)
minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)

minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)

~~ optimal trajectory  2*(0),...,2"(N)
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)

minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)

~~ optimal trajectory  2*(0),...,2"(N)
with optimal control u*(0), ..., u*(N — 1)
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)

minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)

~~ optimal trajectory  2*(0),...,2"(N)
with optimal control u*(0), ..., u*(N — 1)

Define the MPC feedback law  fi(x,, (1)) := u*(0)
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)

minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)

~~ optimal trajectory  2*(0),...,2"(N)
with optimal control u*(0), ..., u*(N — 1)

Define the MPC feedback law  pi(x,,, (n)) := u*(0)

~ xpn(n+1) = f(xuy(n), pn (T, (n)))
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)

minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)

~~ optimal trajectory  2*(0),...,2"(N)
with optimal control u*(0), ..., u*(N — 1)

Define the MPC feedback law  pi(x,,, (n)) := u*(0)

M Tuy (n+1)= f('THN (n)v,U'N(xuN(n))) = f('ruN (n),u*(0))
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The basic MPC scheme

Formal description of the basic MPC scheme:

At each time instant n solve for the current state z,,, (1)

minimize Jy(z,,(n),u) = Uxy(k),u(k)), zu(0) =x,,(n)

u admissible

(u admissible < u € UV and z4(k) € X)

~~ optimal trajectory  2*(0),...,2"(N)
with optimal control u*(0), ..., u*(N — 1)

Define the MPC feedback law  pi(x,,, (n)) := u*(0)
s Ty (1) = £ (g (1), 13 (T (1)) = F (@ (), 0%(0)) = (1)
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MPC from the trajectory point of view
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MPC from the trajectory point of view

0 1 2 3 4 5 6

black = predictions (open loop optimization)
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MPC from the trajectory point of view

0 1 2 3 4 5 6

black = predictions (open loop optimization)
red = MPC closed loop, z,, = x,, (n)
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MPC from the trajectory point of view

0 1 2 3 4 5 6

black = predictions (open loop optimization)
red = MPC closed loop, z,, = x,, (n)
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MPC from the trajectory point of view
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black = predictions (open loop optimization)
red = MPC closed loop, z,, = x,, (n)
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MPC from the trajectory point of view

black = predictions (open loop optimization)
red = MPC closed loop, z,, = x,, (n)
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MPC from the trajectory point of view
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red = MPC closed loop, z,, = x,, (n)
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MPC from the trajectory point of view

black = predictions (open loop optimization)
red = MPC closed loop, z,, = x,, (n)
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered

used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered
used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]

more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered

used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]

more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]

development of theory since ~1980 (linear), ~1990 (nonlinear)
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered

used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]

more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]

development of theory since ~1980 (linear), ~1990 (nonlinear)

seminal paper: [D.Q. Mayne, J.B. Rawlings, C.V. Rao, P.O.M.
Scokaert, Constrained model predictive control: stability and
optimality, Automatica, 36(2000), 789-814]
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered
used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]
more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]
development of theory since ~1980 (linear), ~1990 (nonlinear)
seminal paper: [D.Q. Mayne, J.B. Rawlings, C.V. Rao, P.O.M.
Scokaert, Constrained model predictive control: stability and
optimality, Automatica, 36(2000), 789-814]
Central questions:

@ When does MPC stabilize the system?
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered
used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]
more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]
development of theory since ~1980 (linear), ~1990 (nonlinear)
seminal paper: [D.Q. Mayne, J.B. Rawlings, C.V. Rao, P.O.M.
Scokaert, Constrained model predictive control: stability and
optimality, Automatica, 36(2000), 789-814]
Central questions:

@ When does MPC stabilize the system?

@ How good is the performance of the MPC feedback law?
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Model predictive control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered
used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]
more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]
development of theory since ~1980 (linear), ~1990 (nonlinear)
seminal paper: [D.Q. Mayne, J.B. Rawlings, C.V. Rao, P.O.M.
Scokaert, Constrained model predictive control: stability and
optimality, Automatica, 36(2000), 789-814]
Central questions:
@ When does MPC stabilize the system?
@ How good is the performance of the MPC feedback law?
@ How long does the optimization horizon N need to be?
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Model pI’EdiCtiVE control (aka Receding horizon control)
Idea first formulated by A.l. Propoi in 1963, often rediscovered
used in industrial applications since the mid 1970s, mainly for
constrained linear systems [Qin & Badgwell, 1997, 2001]
more than 9000 industrial MPC applications in Germany
counted in [Dittmar & Pfeifer, 2005]
development of theory since ~1980 (linear), ~1990 (nonlinear)
seminal paper: [D.Q. Mayne, J.B. Rawlings, C.V. Rao, P.O.M.
Scokaert, Constrained model predictive control: stability and
optimality, Automatica, 36(2000), 789-814]
Central questions:
@ When does MPC stabilize the system?
@ How good is the performance of the MPC feedback law?
@ How long does the optimization horizon N need to be?

and, of course, the development of good algorithms (not topic of this course)

UNIVERS”KT

BAYREUT Lars Griine, Nonlinear Model Predictive Control, p. 10



An example
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An example

1

0.8
L rf = sin(p +u)
i — Y
o 4 “‘ 1 Ve Y
s vy = cos(p+u)/2
-0:5
s ) 05 1 15
arccos 2xsy, 1 >0

with p = {

X={reR?: ||(z1,222)T|| = 1}, U = [0, Uax]
z, = (0,-1/2)T, 2 = (0,1/2)T

2m — arccos 2xo, 1 < 0,
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An example

1

08
06
0.4

;=

02

sin(y + u)
vy = cos(p+u)/2

0
-02

-04
-06
-08

-1
-0.5 0 05 1 15

with p = {

X = {z € R : ||(z1,222)7|| = 1}, U = [0, thrnas]
= (0,—1/2)T, 2o = (0,1/2)"

arccos 2xsy, 1 >0
2m — arccos 2xo, 1 < 0,

MPC with /(x,u) = ||z — z.[|* + |u|* and . = 0.2 yields
asymptotic stability for N =11
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An example

1

08
06
0.4

;=

02

sin(y + u)
vy = cos(p+u)/2

0
-02

-04
-06
-08

-1
-0.5 0 05 1 15

with p = {

X = {z € R : ||(z1,222)7|| = 1}, U = [0, thrnas]
= (0,—1/2)T, 2o = (0,1/2)"

arccos 2xsy, 1 >0
2m — arccos 2xo, 1 < 0,

MPC with /(x,u) = ||z — z.[|* + |u|* and . = 0.2 yields
asymptotic stability for N = 11 but not for N < 10
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws

@ MPC computes the feedback law by iteratively solving
finite horizon optimal control problems using the current
state g = x,,, (n) as initial value
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws

@ MPC computes the feedback law by iteratively solving
finite horizon optimal control problems using the current
state g = x,,, (n) as initial value

o the feedback value i () is the first element of the
resulting optimal control sequence
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws

@ MPC computes the feedback law by iteratively solving
finite horizon optimal control problems using the current
state g = x,,, (n) as initial value

o the feedback value i () is the first element of the
resulting optimal control sequence

@ MPC can considerably reduce the computation time
needed for solving infinite horizon optimal control
problems
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws

@ MPC computes the feedback law by iteratively solving
finite horizon optimal control problems using the current
state g = x,,, (n) as initial value

o the feedback value i () is the first element of the
resulting optimal control sequence

@ MPC can considerably reduce the computation time
needed for solving infinite horizon optimal control
problems, up to real time capability
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws

@ MPC computes the feedback law by iteratively solving
finite horizon optimal control problems using the current
state g = x,,, (n) as initial value

o the feedback value i () is the first element of the
resulting optimal control sequence

@ MPC can considerably reduce the computation time
needed for solving infinite horizon optimal control
problems, up to real time capability

~+ model reduction in time
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Summary of Section (1)

@ MPC is an online optimal control based method for
computing stabilizing feedback laws

@ MPC computes the feedback law by iteratively solving
finite horizon optimal control problems using the current
state g = x,,, (n) as initial value

o the feedback value i () is the first element of the
resulting optimal control sequence

@ MPC can considerably reduce the computation time
needed for solving infinite horizon optimal control
problems, up to real time capability

~+ model reduction in time

@ the car-and-mountain example shows that MPC does not
always yield an asymptotically stabilizing feedback law
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(2a) Background material:

Lyapunov functions



Purpose of this section

We introduce Lyapunov functions as a tool to rigorously verify
asymptotic stability
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Purpose of this section

We introduce Lyapunov functions as a tool to rigorously verify
asymptotic stability

In the subsequent sections, this will be used in order to
establish asymptotic stability of the MPC closed loop
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Purpose of this section

We introduce Lyapunov functions as a tool to rigorously verify
asymptotic stability

In the subsequent sections, this will be used in order to
establish asymptotic stability of the MPC closed loop

In this section, we consider discrete time systems without
input, i.e.,
+
x" =yg(x)

with = € X or, in long form

z(n+1)=g(z(n)), =(0)=
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Purpose of this section

We introduce Lyapunov functions as a tool to rigorously verify
asymptotic stability

In the subsequent sections, this will be used in order to
establish asymptotic stability of the MPC closed loop

In this section, we consider discrete time systems without
input, i.e.,
+
x" =yg(x)

with = € X or, in long form

z(n+1)=g(z(n)), =(0)=

(later we will apply the results to g(z) = f(x, un(z)))
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Purpose of this section

We introduce Lyapunov functions as a tool to rigorously verify
asymptotic stability

In the subsequent sections, this will be used in order to
establish asymptotic stability of the MPC closed loop

In this section, we consider discrete time systems without

input, i.e.,

with = € X or, in long form

z(n+1)=g(z(n)), =(0)=
(later we will apply the results to g(z) = f(x, un(z)))
Note: we do not require g to be continuous
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Comparison functions
For R = [0, 00) we use the following classes of comparison

functions
€ om farms omg | s i iy |
Ko = {oz Ry - Ry |ae K and ais unbounded}
[ is continuous,
KL = {8 R xRE 5 RS B t) € K forall t € Ry

and ((r,-) is strictly de-
creasing to 0 for all r € R}

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 15



Asymptotic stability revisited

A point . is called an equilibrium of z* = g(z) if g(z.) = =.
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A set Y C X is called forward invariant for ™ = g(x) if
g(x) € Y holds for each z € YV
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Asymptotic stability revisited

A point . is called an equilibrium of z* = g(z) if g(z.) = =.

A set Y C X is called forward invariant for ™ = g(x) if
g(x) € Y holds for each z € YV

We say that ., is asymptotically stable for 27 = g(z) on a
forward invariant set Y if there exists € KL such that

[z(n) — .|| < B([lz(0) — 2|, n)

holds for all x € Y and n € N
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Asymptotic stability revisited

A point . is called an equilibrium of z* = g(z) if g(z.) = =.

A set Y C X is called forward invariant for ™ = g(x) if
g(x) € Y holds for each z € YV

We say that ., is asymptotically stable for 27 = g(z) on a
forward invariant set Y if there exists € KL such that

z(n) — x| < B(||2(0) — 2|, n)
holds for all x € Y and n € N

How can we check whether this property holds?
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Lyapunov function

Let Y C X be a forward invariant set and z, € X. A function
V1Y — R is called a Lyapunov function for 2™ = g(z) if
the following two conditions hold for all x € Y":

(i) There exists ay, s € K such that

ar(flz — .])) < V(x) < co(fle — 2.)

(ii) There exists ay € K such that

V(@) <V(z) - av([lz —z.])
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Stability theorem

Theorem: If the system x* = g(z) admits a Lyapunov
function V' on a forward invariant set Y, then z, is an
asymptotically stable equilibrium on Y

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 18



Stability theorem

Theorem: If the system x* = g(z) admits a Lyapunov
function V' on a forward invariant set Y, then z, is an
asymptotically stable equilibrium on Y

Idea of proof: V(z%) < V(x) — ay(||x — z.||) implies that 1/
is strictly decaying along solutions away from x,
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Stability theorem

Theorem: If the system x* = g(z) admits a Lyapunov
function V' on a forward invariant set Y, then z, is an
asymptotically stable equilibrium on Y

Idea of proof: V(z%) < V(x) — ay(||x — z.||) implies that 1/
is strictly decaying along solutions away from x,

This allows to construct 3 € KL with V (x(n)) < 3(V(2(0)),n)
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Stability theorem

Theorem: If the system x* = g(z) admits a Lyapunov
function V' on a forward invariant set Y, then z, is an
asymptotically stable equilibrium on Y

Idea of proof: V(z%) < V(x) — ay(||x — z.||) implies that 1/
is strictly decaying along solutions away from x,

This allows to construct 5 € KL with V(z(n)) < 3(V(x(0)),n)
)i
27

mply that

):1))

The bounds o (|| — z.]|) < V(z) < a2(||T — .||
asymptotic stability holds with 3(r,t) = a; ' (B(a
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Lyapunov functions — discussion

While the convergence x(n) — x, is typically non-monotone
for an asymptotically stable system, the convergence
V(z(n)) — 0 is strictly monotone
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Lyapunov functions — discussion

While the convergence x(n) — x, is typically non-monotone
for an asymptotically stable system, the convergence
V(z(n)) — 0 is strictly monotone

It is hence sufficient to check the decay of 1/ in one time step
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~ it is typically quite easy to check whether a given function
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While the convergence x(n) — x, is typically non-monotone
for an asymptotically stable system, the convergence
V(z(n)) — 0 is strictly monotone

It is hence sufficient to check the decay of 1/ in one time step

~ it is typically quite easy to check whether a given function
is a Lyapunov function

But it is in general difficult to find a candidate for a Lyapunov
function
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Lyapunov functions — discussion

While the convergence x(n) — x, is typically non-monotone
for an asymptotically stable system, the convergence
V(z(n)) — 0 is strictly monotone

It is hence sufficient to check the decay of 1/ in one time step

~ it is typically quite easy to check whether a given function
is a Lyapunov function

But it is in general difficult to find a candidate for a Lyapunov
function

For MPC, we will use the optimal value functions which we
introduce in the next section

UNIVERSITAT
BAYREUTH

Lars Griine, Nonlinear Model Predictive Control, p. 19



(2b) Background material:

Dynamic Programming



Purpose of this section

We define the optimal value functions Vv for the optimal
control problem

2
L

minimize Jy(xg,u) = Uxy(k),u(k)), xu(0) =20

u admissible
0

i

used within the MPC scheme (with ¢ =z, (1))
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Purpose of this section

We define the optimal value functions Vv for the optimal
control problem

I
I~
—~
=
=1
—~
>
~—
o
—~
&
~—
~—
=
=
—~
=)
~—
I
=
en)

minimize Jy(xq,u)
u admissible

used within the MPC scheme (with ¢ =z, (1))

We present the dynamic programming principle, which
establishes a relation for these functions and will eventually
enable us to derive conditions under which Vy is a Lyapunov
function
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Optimal value functions

We define the optimal value function

VN(I'()) = inf JN({EO,LI>

u admissible
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Optimal value functions

We define the optimal value function

VN(I'()) = inf JN({EO,LI>

u admissible

setting Viv(zg) := oo if x¢ is not feasible, i.e., if there is no
admissible u
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Optimal value functions

We define the optimal value function

VN(I'()) = inf JN({EO,LI>

u admissible

setting Viv(zg) := oo if x¢ is not feasible, i.e., if there is no
admissible u  (recall: u admissible < (k) € X, u(k) € U)
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Optimal value functions

We define the optimal value function

VN(I'()) = inf JN({EO,U)

u admissible

setting Viv(zg) := oo if x¢ is not feasible, i.e., if there is no
admissible u  (recall: u admissible < (k) € X, u(k) € U)

An admissible control sequence u* is called optimal, if

In (w9, u") = Viv(20)
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Optimal value functions

We define the optimal value function

VN(III()) = inf JN({EO,U)

u admissible

setting Viv(zg) := oo if x¢ is not feasible, i.e., if there is no
admissible u  (recall: u admissible < (k) € X, u(k) € U)

An admissible control sequence u* is called optimal, if

In(zg,u*) = Vi (x0)

Note: an optimal u* does not need to exist in general. In the
sequel we assume that u* exists if 2 is feasible
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Dynamic Programming Principle
Theorem: (Dynamic Programming Principle) For any feasible
xo € X the optimal value function satisfies

V(o) = inf - {l(zo,u) + Va1 (f(x0,u))}
f(zg,u)eX
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Dynamic Programming Principle
Theorem: (Dynamic Programming Principle) For any feasible
xo € X the optimal value function satisfies

Vn(zo) = inf  {l(zo,u) + Vy_1(f(zo,u))}

uelU
f(zgu)eX

Moreover, if u* is an optimal control, then

Vv (zo) = €(z0, u™(0)) + Viv_1(f (20, u™(0)))
holds.
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Dynamic Programming Principle
Theorem: (Dynamic Programming Principle) For any feasible
xo € X the optimal value function satisfies

Valeo) = inf {€zo,u) + Vi-a(f(ao, u))}

flzg,u)eX

Moreover, if u* is an optimal control, then
Vi (o) = £(z0,u"(0)) + Vv—1(f (20, u™(0)))
holds.

Idea of Proof: Follows by taking infima in the identity
N-1
In(zo,u) = Lxu(0),u(0) + > L(zu(k) u(k))

k=1

= (o, u(0)) + Jn-1(f(x0,u(0)),u(- + 1))
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Corollaries

Corollary: Let z* be an optimal trajectory of length N with
optimal control u* and z*(0) = x.
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Corollaries
Corollary: Let z* be an optimal trajectory of length N with
optimal control ©* and z*(0) = . Then
(i) The “tail”
(z*(k), 2" (k + 1),...,2"(N — 1))

is an optimal trajectory of length N — k.
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Corollaries

Corollary: Let z* be an optimal trajectory of length N with
optimal control ©* and z*(0) = . Then

(i) The “tail’
(z*(k), 2" (k + 1),...,2"(N — 1))

is an optimal trajectory of length N — k.

(i) The MPC feedback s satisfies
p() € argmin {2, ) + Vi1 2, 0)}
ue

(i.e., v = pn(x) minimizes this expression)
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Corollaries

Corollary: Let z* be an optimal trajectory of length N with
optimal control ©* and z*(0) = . Then

(i) The “tail”
(z*(k), 2" (k + 1),...,2"(N — 1))
is an optimal trajectory of length N — k.

(i) The MPC feedback s satisfies
p() € argmin {2, ) + Vi1 2, 0)}
ue

(i.e., v = pn(x) minimizes this expression),

V(@) = Uz, pn () + Vv (f (2, pv ()
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Corollaries

Corollary: Let z* be an optimal trajectory of length N with
optimal control ©* and z*(0) = . Then

(i) The “tail”
(z*(k), 2" (k + 1),...,2"(N — 1))

is an optimal trajectory of length N — k.
(i) The MPC feedback s satisfies

p() € avguiin (€, w) + Vi1 (F(,0))}

ue

(i.e., v = pn(x) minimizes this expression),

Vn(z) = Uz, un(x)) + Vv (f (2, pv ()
and

u (k) = py—g(z*(k)), k=0,...,N—1
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Dynamic Programming Principle — discussion

We will see later, that under suitable conditions the optimal

value function will play the role of a Lyapunov function for the
MPC closed loop
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value function will play the role of a Lyapunov function for the
MPC closed loop

The dynamic programming principle and its corollaries will
prove to be important tools to establish this fact
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Dynamic Programming Principle — discussion

We will see later, that under suitable conditions the optimal

value function will play the role of a Lyapunov function for the
MPC closed loop

The dynamic programming principle and its corollaries will
prove to be important tools to establish this fact

In order to see why this can work, in the next section we
briefly look at infinite horizon optimal control problems
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Dynamic Programming Principle — discussion

We will see later, that under suitable conditions the optimal

value function will play the role of a Lyapunov function for the
MPC closed loop

The dynamic programming principle and its corollaries will
prove to be important tools to establish this fact

In order to see why this can work, in the next section we
briefly look at infinite horizon optimal control problems

Moreover, for simple systems the principle can be used for
computing Vi and pny — we will see an example in the
excercises
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BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 25



(2c) Background material:

Relaxed Dynamic Programming



Infinite horizon optimal control

Just like the finite horizon problem we can define the infinite
horizon optimal control problem

oo
minimize J (2o, u E l(x k)), xu(0) = x
u admissible 0
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Infinite horizon optimal control

Just like the finite horizon problem we can define the infinite
horizon optimal control problem

o0
minimize J(z ((z 0) = ;
u admissible 0,1 Z k), 2u(0) =0
k=0
and the corresponding optimal value function

Voo(xo) :=  inf Joo (0, 1)

u admissible
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Infinite horizon optimal control

Just like the finite horizon problem we can define the infinite
horizon optimal control problem

u admissible

minimize J (2o, u ZE u(k)), z4(0) = xg
k=0

and the corresponding optimal value function

Veo(g) :=  inf Joo (0, 10)

u admissible

If we could compute an optimal feedback i, for this problem

(which is — in contrast to computing 1y — in general a very
difficult problem), we would have solved the stabilization
problem
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Infinite horizon dynamic programming principle

Recall the corollary from the finite horizon dynamic
programming principle

Vv (x) = Uz, pn(2)) + Ve (f (2, pv(2)))
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Infinite horizon dynamic programming principle

Recall the corollary from the finite horizon dynamic
programming principle

Vv (x) = Uz, pn(2)) + Ve (f (2, pv(2)))

The corresponding result which can be proved for the infinite
horizon problem reads

Voo (@) = £, proo(2)) + Vio (f (2, proo()))
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Infinite horizon dynamic programming principle

Recall the corollary from the finite horizon dynamic
programming principle

Vv (x) = Uz, pn(2)) + Ve (f (2, pv(2)))

The corresponding result which can be proved for the infinite
horizon problem reads

Voo (@) = £, proo(2)) + Vio (f (2, proo()))

~s if (2 oo () > ay (|| — 2.]|) holds, then we get
Voo (f (%, p1oo(2))) < Vo () — av ([l — 2.])
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Infinite horizon dynamic programming principle

Recall the corollary from the finite horizon dynamic
programming principle

Vv (x) = Uz, pn(2)) + Ve (f (2, pv(2)))

The corresponding result which can be proved for the infinite
horizon problem reads

Voo (@) = £, proo(2)) + Vio (f (2, proo()))

~s if (2 oo () > ay (|| — 2.]|) holds, then we get
Voo (f (%, p1oo(2))) < Vo () — av ([l — 2.])

and if in addition o (||z — z.||) < V(2) < as(||z — z.||) holds,
then V, is a Lyapunov function
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Infinite horizon dynamic programming principle

Recall the corollary from the finite horizon dynamic
programming principle

Vv (x) = Uz, pn(2)) + Ve (f (2, pv(2)))

The corresponding result which can be proved for the infinite
horizon problem reads

Voo (@) = £, proo(2)) + Vio (f (2, proo()))

~s if (2 oo () > ay (|| — 2.]|) holds, then we get
Voo (f (%, p1oo(2))) < Vo () — av ([l — 2.])

and if in addition o (||z — z.||) < V(2) < as(||z — z.||) holds,
then V, is a Lyapunov function ~~ asymptotic stability
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Relaxing dynamic programming
Unfortunately, an equation of the type
Voo () = £(2, oo (7)) + Vo (f (2, oo (1))

cannot be expected if we replace “o0” by “N" everywhere
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Relaxing dynamic programming
Unfortunately, an equation of the type
Voo () = £(2, oo (7)) + Vo (f (2, oo (1))

cannot be expected if we replace
(in fact, it would imply Vy = V)

oo" by “N" everywhere

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 29



Relaxing dynamic programming
Unfortunately, an equation of the type
Voo () = £(2, oo (7)) + Vo (f (2, oo (1))

cannot be expected if we replace “o0” by “N" everywhere

(in fact, it would imply Vy = V)

However, we will see that we can establish relaxed versions of
this inequality in which we

° reIaX H:H to 112!1
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Relaxing dynamic programming
Unfortunately, an equation of the type
Voo () = £(2, oo (7)) + Vo (f (2, oo (1))

cannot be expected if we replace “o0” by “N" everywhere

(in fact, it would imply Vi = V)

However, we will see that we can establish relaxed versions of
this inequality in which we

@ relax "=" to “>"

o relax ((x, pu(x)) to al(x, u(x)) for some o € (0, 1]
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Relaxing dynamic programming
Unfortunately, an equation of the type

Voo (@) = £(, proo () + Vo (f (2, proo()))

cannot be expected if we replace “o0” by “N" everywhere

(in fact, it would imply Vi = V)

However, we will see that we can establish relaxed versions of
this inequality in which we

° reIaX H:H to 112!1

o relax ((x, pu(x)) to al(x, u(x)) for some o € (0, 1]

~ o Un() > al(z, pun(x) + Vv(f (2, un (2)))

“relaxed dynamic programming inequality” [Rantzer et al. '06ff]
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Relaxing dynamic programming
Unfortunately, an equation of the type

Voo (@) = £(, proo () + Vo (f (2, proo()))

cannot be expected if we replace “o0” by “N" everywhere

(in fact, it would imply Vy = V)

However, we will see that we can establish relaxed versions of
this inequality in which we

° reIaX H:H to 112!1

o relax ((x, pu(x)) to al(x, u(x)) for some o € (0, 1]

~ o Un() > al(z, pun(x) + Vv(f (2, un (2)))

“relaxed dynamic programming inequality” [Rantzer et al. '06ff]
What can we conclude from this inequality?
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Relaxed dynamic programming
We define the infinite horizon performance of the MPC closed
loop system =" = f(z, un(x)) as

JCZ xo?:uN Zﬁ :EHN :U’N 'rHN(k)))7 xﬂN(O) = Zo
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Relaxed dynamic programming

We define the infinite horizon performance of the MPC closed
loop system 2" = f(x, un(x)) as

]Cl xo?:uN Zﬁ :EHN :uN x#N(k)))a x#N(U) = Zo

Theorem: [Gr./Rantzer '08, Gr./Pannek '11] Let ¥ C X be a
forward invariant set for the MPC closed loop and assume that

V(z) = al(z, pn () + Vi (f (2, pn (@)
holds for all x € Y and some N € N and « € (0, 1]
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Relaxed dynamic programming
We define the infinite horizon performance of the MPC closed
loop system 2" = f(x, un(x)) as

]d xOHU’N Zﬁ :UMV :uN IMN(I(”)))‘; x#N(U) = Zo

Theorem: [Gr./Rantzer '08, Gr./Pannek '11] Let ¥ C X be a
forward invariant set for the MPC closed loop and assume that

V(z) = al(z, pn () + Vi (f (2, pn (@)
holds for all x € Y and some N € N and « € (0, 1]

Then for all z € Y the infinite horizon performance satisfies

J (20, pn) < Viv(zo)/ax

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 30



Relaxed dynamic programming

Theorem (continued): If, moreover, there exists v, a3 € Ko
such that the inequalities

Viv(2) € as(lle = o), inf 0z, u) > ag(lz - 2.])

hold for all z € Y, then the MPC closed loop is asymptotically
stable on Y with Lyapunov function V.
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Relaxed dynamic programming

Theorem (continued): If, moreover, there exists v, a3 € Ko
such that the inequalities

Viv(2) € as(lle = o), inf 0z, u) > ag(lz - 2.])

hold for all z € Y, then the MPC closed loop is asymptotically
stable on Y with Lyapunov function V.

Proof: The assumed inequalities immediately imply that
V' = V) is a Lyapunov function for 2" = g(x) = f(z, uny(2))
with

ar(r) = az(r), ay(r)=aaz(r)
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Relaxed dynamic programming

Theorem (continued): If, moreover, there exists v, a3 € Ko
such that the inequalities

Vi) < aslle = 2.1, inf £z, 0) > as([lz — )

hold for all z € Y, then the MPC closed loop is asymptotically
stable on Y with Lyapunov function V.

Proof: The assumed inequalities immediately imply that
V' = V) is a Lyapunov function for 2" = g(x) = f(z, uny(2))
with

ar(r) = az(r), ay(r)=aaz(r)

= asymptotic stability
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Relaxed dynamic programming
For proving the performance estimate J< (¢, pn) < V(o) /v,
the relaxed dynamic programming inequality implies

K—1

@Y Uy (B): o (2 (K)))

KX:I (VN Tuy () = Viv(@uy (0 + 1)))

xHN( )) _VN(xMN<K)) < VN(‘T/LN(O))

IA
3

I
=1
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Relaxed dynamic programming
For proving the performance estimate J< (¢, pn) < V(o) /v,
the relaxed dynamic programming inequality implies

K—1

azg JIHN ,UN ZI;/LN(k;>))

3:1 (VN Ty () = V(x,,(n+ 1))>

xllN( )) _VN(xllN<K)) < VN(‘T/LN(O))

IA
3

|
=1

Since all summands are > 0, this implies that the limit for
K — oo exists and we get

a5 (wo, pv) = @ Y (2 (k) i (0 (K))) < Vi (2, (0))

n=0
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Relaxed dynamic programming

For proving the performance estimate J< (¢, pn) < V(o) /v,
the relaxed dynamic programming inequality implies

azg JIHN ,UN ZI;/LN(k;>))
< z (Vi () = Vi (n 4 1))
= VN l’,,N( ))_VN(Q:MN(K)) < VN(‘T/LN(O))

Since all summands are > 0, this implies that the limit for
K — oo exists and we get

a5 (wo, pv) = @ Y (2 (k) i (0 (K))) < Vi (2, (0))

n=0
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Summary of Section (2)

@ Lyapunov functions are our central tool for verifying
asymptotic stability
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Summary of Section (2)

@ Lyapunov functions are our central tool for verifying
asymptotic stability

@ Dynamic programming provides us with equations which
will be heavily used in the subsequent analysis
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Summary of Section (2)

@ Lyapunov functions are our central tool for verifying
asymptotic stability
@ Dynamic programming provides us with equations which

will be heavily used in the subsequent analysis

@ Infinite horizon optimal control would solve the
stabilization problem — if we could compute the feedback
law oo

@ The performance of the MPC controller can be measured
by looking at the infinite horizon value along the MPC
closed loop trajectories
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Summary of Section (2)

@ Lyapunov functions are our central tool for verifying
asymptotic stability

@ Dynamic programming provides us with equations which
will be heavily used in the subsequent analysis

@ Infinite horizon optimal control would solve the
stabilization problem — if we could compute the feedback
law oo

@ The performance of the MPC controller can be measured
by looking at the infinite horizon value along the MPC
closed loop trajectories

@ Relaxed dynamic programming gives us conditions under
which both asymptotic stability and performance results
can be derived
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Application of background results

The main task will be to verify the assumptions of the relaxed
dynamic programming theorem, i.e.,

V(@) 2 al(z, pn () + Vv (f (2, py (1))
for some o € (0, 1], and

V(@) < ap(flz —2.fl),  inf £z, u) 2 as(fle — )

for all = in a forward invariant set Y for ™ = f(z, un(x))
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Application of background results

The main task will be to verify the assumptions of the relaxed
dynamic programming theorem, i.e.,

Vn(z) = al(z, pn () + Vi (f (2, px (@)
for some o € (0, 1], and
Vila) < anllle — 2]}, inf (e u) > ag(lla — 2.
for all = in a forward invariant set Y for ™ = f(z, un(x))

To this end, we present two different approaches:

e modify the optimal control problem in the MPC loop by
adding terminal constraints and costs
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Application of background results

The main task will be to verify the assumptions of the relaxed
dynamic programming theorem, i.e.,

V(@) 2 al(z, pn () + Vv (f (2, py (1))
for some o € (0, 1], and

V(@) < ap(flz —2.fl),  inf £z, u) 2 as(fle — )
for all = in a forward invariant set Y for ™ = f(z, un(x))

To this end, we present two different approaches:

e modify the optimal control problem in the MPC loop by
adding terminal constraints and costs

@ derive assumptions on f and ¢ under which MPC works
without terminal constraints and costs
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(3) Stabilizing Model Predictive Control
with stabilizing terminal conditions



Vi as a Lyapunov Function
Problem: Prove that the MPC feedback law i is stabilizing
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Vi as a Lyapunov Function
Problem: Prove that the MPC feedback law i is stabilizing

Approach: Verify the assumptions
V() = al(z, pn(z)) + Vi (f (2, px(2)))
for some o € (0, 1], and

V(@) < aolle —.f]),  inf £z, u) 2 as([lz — z.))

of the relaxed dynamic programming theorem for the optimal
value function

N-1

Vy(tg) = inf > U(wa(k),u(k)), 74(0) = o
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Why is this difficult?
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Why is this difficult?

Let us first consider the inequality

Vn(z) = al(z, pn(x) + Vi (f (2, pn (1))
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Let us first consider the inequality

Vn(z) = al(z, pn(x) + Vi (f (2, pn (1))

The dynamic programming principle for V yields

V(@) = l(z, pn (@) + Vv (f (2, pn (@)
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Let us first consider the inequality

Vn(z) = al(z, pn(x) + Vi (f (2, pn (1))

The dynamic programming principle for V yields

V(@) = l(z, pn (@) + Vv (f (2, pn (@)

~~ we have V_; where we would like to have Vy
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Why is this difficult?

Let us first consider the inequality

Vn(z) = al(z, pn(x) + Vi (f (2, pn (1))

The dynamic programming principle for V yields

V(@) = Uz, pn (@) + Vv (f (2, pn(2)))
~~ we have V_; where we would like to have Vy

~ we would get the desired inequality if we could ensure

Vo (f(x, un(z))) > V(f(z, un(2))) + “small error”
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Why is this difficult?

Let us first consider the inequality

Vn(z) = al(z, pn(x) + Vi (f (2, pn (1))

The dynamic programming principle for V yields
V() = Uz, pn(2)) + Va (f (2, pv (2))
~~ we have V_; where we would like to have Vy
~ we would get the desired inequality if we could ensure

Vo (f(x, un(z))) > V(f(z, un(2))) + “small error”

(where “small” means that the error can be compensated replacing
Uz, un(x)) by al(z, un(z)) with o € (0,1))
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Why is this difficult?

Task: Find conditions under which
Vn_1(z) > Vy(z) + “small error”

holds
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Why is this difficult?

Task: Find conditions under which
Vn_1(z) > Vy(z) + “small error”

holds
For

N—-1

Vn(zo) = inf > (k) u(k)), z4(0) = o

this appeared to be out of reach until the mid 1990s
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Why is this difficult?

Task: Find conditions under which
Vn_1(z) > Vy(z) + “small error”

holds

For

N—-1

Vn(zo) = inf > (k) u(k)), z4(0) = o

this appeared to be out of reach until the mid 1990s
Note: V1 < Vi by non-negativity of /; typically with strict

u ”

<
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Why is this difficult?

Task: Find conditions under which
Vn_1(z) > Vy(z) + “small error”

holds

For

N—-1

Vn(zo) = inf > (k) u(k)), z4(0) = o

this appeared to be out of reach until the mid 1990s
Note: V1 < Vi by non-negativity of /; typically with strict

u ”

<

~ additional stabilizing constraints were proposed
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Terminal constraints and cost
Optimal control problem

i

minimize Jy(xg,u) = Uxy(k),u(k)), xu(0) =z

u admissible
0

=
Il
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Terminal constraints and cost
Optimal control problem

minimize Jy(xg,u) = Uxy(k),u(k)), xu(0) =z

u admissible

We want V) to become a Lyapunov function
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Terminal constraints and cost
Optimal control problem

mi(riwimilﬁle In(zo, 1) = Uxy(k),u(k)), xu(0) =z

We want V) to become a Lyapunov function

Idea: add local Lyapunov function F': X, — R as terminal cost

In(xg,u) = . Uxy(k),u(k)) + F(zu(N))
k=0

—_
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Terminal constraints and cost
Optimal control problem

minimize Jy(xg,u) = Uxy(k),u(k)), xu(0) =z

u admissible

We want V) to become a Lyapunov function

Idea: add local Lyapunov function F': X, — R as terminal cost

=

In(zo,u) = Uzy(k),u(k)) + F(zu(N))

B
I

F'is defined on a region X, around . which is imposed as
terminal constraint z(NV) € X,

[Chen & Allgower '98, Jadbabaie et al. '98 .. .]
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Terminal constraints and cost
We thus change the optimal control problem to

=

minimize Jy(zp,u) = U(zy(k),u(k)) + F(zu(N))

uE[UIXVO (a:()) 0

i

with

U () := {u € UY admissible and z,,(N) € Xo}
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Terminal constraints and cost
We thus change the optimal control problem to

N—

minimize Jy(zp,u) = U(zy(k),u(k)) + F(zu(N))

N
UGUXO (a:()) =0

—_

with

U () := {u € UY admissible and z,,(N) € Xo}

Which properties do we need for F' and X in order to ensure

Vn_1(x) > Vy(x) + “small error” ?
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Terminal constraints and cost
We thus change the optimal control problem to

N-1
minimize Jy(zp,u) = U(zy(k),u(k)) + F(zu(N))
UEUQO(m()) k=0

with

U () := {u € UY admissible and z,,(N) € Xo}

Which properties do we need for F' and X in order to ensure

Vn_1(x) > Vy(x) + “small error” ?

With suitable assumptions we can even avoid the “small error”

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 40



Terminal constraints and cost
Assumptions on F : X, — R and X,
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Terminal constraints and cost
Assumptions on F' : Xy — R and X,

There exists a controller x : Xy — U with the following
properties:
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Terminal constraints and cost
Assumptions on F' : Xy — R and X,

There exists a controller x : Xy — U with the following
properties:

(i) Xq is forward invariant for ™ = f(x, k(x)):
for each = € X, we have f(z,r(z)) € X,
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Terminal constraints and cost
Assumptions on F' : Xy — R and X,

There exists a controller x : Xy — U with the following
properties:

(i) Xq is forward invariant for ™ = f(x, k(x)):
for each = € X, we have f(z,r(z)) € X,
(i) F'is a Lyapunov function for % = f(z, k(z)) on X

which is compatible with the stage cost ¢ in the following
sense:

for each = € X, the inequality

F(f(z,k(2))) < F(z) — Uz, k(z))
holds
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Terminal constraints and cost
Assumptions on F' : Xy — R and X,

There exists a controller x : Xy — U with the following
properties:

(i) Xq is forward invariant for ™ = f(x, k(x)):
for each = € X, we have f(z,r(z)) € X,
(i) F'is a Lyapunov function for % = f(z, k(z)) on X

which is compatible with the stage cost ¢ in the following
sense:

for each = € X, the inequality
F(f(x, k(x))) < F(x) = {(z, 5(x))
holds
Simplest choice: Xg = {z.}, F =0, k =0 (if f(z.,0) = z.)
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Prolongation of control sequences
Let € UY " ()
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Prolongation of control sequences
Let u € U '(z9) = T:=aza(N—-1)€X,
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Prolongation of control sequences
Let u € U '(z9) = T:=aza(N—-1)€X,

a(k), k=0,...,N—2

. N N
Define u € UY as u(k) := { k(Z), k=N—-1

with x from (i)
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Prolongation of control sequences
Let u € U '(z9) = T:=aza(N—-1)€X,

a(k), k=0,...,N—2

. N N
Define u € UY as u(k) := { k(Z), k=N—-1

with x from (i)

= 2u(N) = f(za(N —1),u(N - 1)) = f(7,£(Z)) € X0
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Prolongation of control sequences
Let u € U '(z9) = T:=aza(N—-1)€X,

a(k), k=0,...,N—2

. N N
Define u € UY as u(k) := { k(Z), k=N—-1

with x from (i)

= 2u(N) = f(za(N —1),u(N - 1)) = f(7,£(Z)) € X0

= uc Ugo(l’o)
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Prolongation of control sequences
Let u € U '(z9) = T:=aza(N—-1)€X,

a(k), k=0,...,N—2

. N N
Define u € UY as u(k) := { k(Z), k=N—-1

with x from (i)

= 2u(N) = f(za(N —1),u(N - 1)) = f(7,£(Z)) € X0

= uc Ugo(l’o)

~ every 1l € [Ugo_l(xo) can be prolonged to an u € U (1)
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Prolongation of control sequences
Let u € U '(z9) = T:=aza(N—-1)€X,

a(k), k=0,...,N—2

. N N
Define u € UY as u(k) := { k(Z), k=N—-1

with x from (i)
= 2u(N) = f(za(N = 1), u(N = 1)) = f(7,5(Z)) € Xo
= uc€ Ugo(xo)

~ every 1l € [Ugo_l(xo) can be prolonged to an u € U (1)

By (ii) the stage cost of the prolongation is bounded by
Uza(N = 1),u(N = 1)) < F(za(N — 1)) = F(za(N))
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Reversal of Vy_1 < Vy

Let u* € Ugo_l(xo) be the optimal control for Jy_1, i.e.,

VN71<370) = JN71($07 ﬁ*)
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Reversal of Vy_1 < Vy

Let u* € Ugo_l(:po) be the optimal control for Jy_1, i.e.,
VN71<370) = JN71($07 ﬁ*)

Denote by u € UY (o) its prolongation

= VN,1 l’o) = JN,1<$0,£1*)
= U(xg(k),0*(k)) + F(zg-(N —1))
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Reversal of Vy_1 < Vi

Let u* € Ugo_l(:po) be the optimal control for Jy_1, i.e.,
Vn-1(wo) = Jn-1(x0, 0")
Denote by u € UY (o) its prolongation
= Vyoi(zo) = JIn-1(z9,0")
N—2

= ((zax (k), 0" (K)) + Frg (N —1))

k=0

> 0@ (N=1),u(N—1))+F(za(N))
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Reversal of Vy_1 < Vi

Let u* € Ugo_l(:po) be the optimal control for Jy_1, i.e.,
VN71<370) = JN71(4507 ﬁ*)
Denote by u € UY (o) its prolongation

= Vnoi(zg) = JN—1($07 ur)

_ ie(mﬁ*(k),ﬁ*(k)) + F(zg(N = 1))

>0(a(N—1),u(N—1))+F(zu(N)

o
o

=

-1

((xu(k), u(k)) + F(zu(N))

v

3
Il
=)
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Reversal of Vy_1 < Vi

Let u* € Ugo_l(:po) be the optimal control for Jy_1, i.e.,
VN71<370) = JN71(4507 ﬁ*)

Denote by u € UY (o) its prolongation

= VN_l(IEQ) = JN_l(.CEo,ﬁ*)
N—2
= > laa k), @ (k) +  Flra(N-1)
k=0 >0(za(N—1),u(N—1))+F(za(N))
N—1
> Uzy(k),u(k)) + F(xu(N))
n=0
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Reversal of Vy_1 < Vi

Let u* € Ugo_l(:po) be the optimal control for Jy_1, i.e.,
VN71<370) = JN71(4507 ﬁ*)

Denote by u € UY (o) its prolongation

= VN_l(Il?Q) = JN_1<.C130,1~1*)
N—2
= > laa k), @ (k) +  Flra(N-1)
k=0 >0(za(N—1),u(N—1))+F(za(N))
N—1
> Uzy(k),u(k)) + F(xu(N))
n=0

~~ as desired, we obtain Vy_; > Vx
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Feasible sets

Define the feasible set

Xy = {z € X| U}, (x) # 0)
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Feasible sets

Define the feasible set

Xy = {z € X| U} (=) # 0}

On Xy one can ensure the inequality
Vn(z) < as(lle — z.])

for some ay € K, under mild conditions
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Feasible sets

Define the feasible set

Xy = {z € X| U} (=) # 0}

On Xy one can ensure the inequality
Vn(z) < as(lle — z.])

for some ay € K, under mild conditions, while outside X we
get Vn(z) = o0
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Feasible sets

Define the feasible set

Xy = {z € X| U} (=) # 0}

On Xy one can ensure the inequality
Vn(z) < as(lle — z.])

for some ay € K, under mild conditions, while outside X we
get Vn(z) = o0

~ the MPC control is only defined on X !
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Stability theorem

Theorem: Consider the MPC scheme with regional terminal
constraint z, (V) € X, and Lyapunov function terminal cost
[ compatible with /.
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Stability theorem

Theorem: Consider the MPC scheme with regional terminal
constraint z, (V) € X, and Lyapunov function terminal cost
[ compatible with /. Assume that

Vi) < aslle = 2], inf £z, 0) > a2 — 2]

holds for all x € Xy.
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Stability theorem

Theorem: Consider the MPC scheme with regional terminal
constraint z, (V) € X, and Lyapunov function terminal cost
[ compatible with /. Assume that

Vi) < aslle = 2], inf £z, 0) > a2 — 2]

holds for all x € Xy.

Then Xy is forward invariant
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Stability theorem

Theorem: Consider the MPC scheme with regional terminal
constraint z, (V) € X, and Lyapunov function terminal cost
[ compatible with /. Assume that

Vi) < aslle = 2], inf £z, 0) > a2 — 2]

holds for all x € Xy.

Then Xy is forward invariant, the MPC closed loop is
asymptotically stable on Xy
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Stability theorem

Theorem: Consider the MPC scheme with regional terminal
constraint z, (V) € X, and Lyapunov function terminal cost
[ compatible with /. Assume that

Vi) < aslle = 2], inf £z, 0) > a2 — 2]

holds for all x € Xy.

Then Xy is forward invariant, the MPC closed loop is
asymptotically stable on X and the performance estimate

Jeo(@, puv) < V(@)

holds.
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Stability theorem

Theorem: Consider the MPC scheme with regional terminal
constraint z, (V) € X, and Lyapunov function terminal cost
[ compatible with /. Assume that

Vi) < aslle = 2], inf £z, 0) > a2 — 2]

holds for all x € Xy.

Then Xy is forward invariant, the MPC closed loop is
asymptotically stable on X and the performance estimate

JE (@, pn) < V()
holds.

Proof: Combine dynamic programming with V1 > Vy
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions

@ yield an elegant stability theory
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions
@ yield an elegant stability theory
@ can indeed improve the stability properties
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions
@ yield an elegant stability theory
@ can indeed improve the stability properties

@ can be derived in a systematic way, e.g., by linearization
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions

@ yield an elegant stability theory

@ can indeed improve the stability properties

@ can be derived in a systematic way, e.g., by linearization
But:

o large feasible set usually needs a large optimization
horizon NV
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions
@ yield an elegant stability theory
@ can indeed improve the stability properties
@ can be derived in a systematic way, e.g., by linearization

But:

o large feasible set usually needs a large optimization
horizon NV
(see again the car-and-mountains example)
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions
@ yield an elegant stability theory
@ can indeed improve the stability properties
@ can be derived in a systematic way, e.g., by linearization

But:

o large feasible set usually needs a large optimization
horizon NV
(see again the car-and-mountains example)

@ additional analytical effort for computing F
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions

@ yield an elegant stability theory

@ can indeed improve the stability properties

@ can be derived in a systematic way, e.g., by linearization
But:

o large feasible set usually needs a large optimization
horizon NV
(see again the car-and-mountains example)

@ additional analytical effort for computing F

@ hardly ever used in industrial practice
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Stabilizing terminal conditions — Discussion

Stabilizing terminal conditions
@ yield an elegant stability theory
@ can indeed improve the stability properties

@ can be derived in a systematic way, e.g., by linearization
But:

o large feasible set usually needs a large optimization
horizon NV
(see again the car-and-mountains example)

@ additional analytical effort for computing F

@ hardly ever used in industrial practice

In Section (4) we will see how stability can be proved without
stabilizing terminal constraints
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Suboptimality

Recall: For both stabilizing terminal constraints the relaxed
dynamic programming theorem yields the estimate

JE (2o, piv) < Viv(o)
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Suboptimality

Recall: For both stabilizing terminal constraints the relaxed
dynamic programming theorem yields the estimate

JE (2o, piv) < Viv(o)

But: How large is Vy ?
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Suboptimality

Recall: For both stabilizing terminal constraints the relaxed
dynamic programming theorem yields the estimate

J5 (o, pn) < V(o)
But: How large is Vy ?

Without terminal constraints, the inequality Vy < V_ is
immediate
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Suboptimality

Recall: For both stabilizing terminal constraints the relaxed
dynamic programming theorem yields the estimate

JE (2o, piv) < Viv(o)

But: How large is Vy ?

Without terminal constraints, the inequality Vy < V_ is
immediate

However, the terminal constraints also reverse this inequality,
i.e., we have Vy > V., and the gap is very difficult to estimate
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Suboptimality — example

We consider two examples with X =R, U =R for N =2
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Suboptimality — example
We consider two examples with X =R, U =R for N =2

Example 1: 2" =z +u, {(z,u) =2* + u?
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Suboptimality — example
We consider two examples with X =R, U =R for N =2

Example 1: 2t =2 +u, ((z,u) =2 + u?
Terminal constraints z,(N) =z, =0

V() = 1.61822%, J< (2, pg) = 1.62522

Example 2: as Example 1, but with ((z,u) = 2% + u*
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Suboptimality — example
We consider two examples with X =R, U =R for N =2

Example 1: 2t =2 +u, ((z,u) =2 + u?
Terminal constraints z,(N) =z, =0

V() = 1.61822%, J< (2, pg) = 1.62522

Example 2: as Example 1, but with (2, u) = 22 + u*
Voo (20) < 1726, J< (z, po) = 11240
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Suboptimality — example
We consider two examples with X =R, U =R for N =2

Example 1: 2t =2 +u, ((z,u) =2 + u?
Terminal constraints z,(N) =z, =0

V() = 1.61822%, J< (2, pg) = 1.62522

Example 2: as Example 1, but with ((z,u) = 2% + u*
Voo (20) < 1726, J< (z, po) = 11240

General estimates for fixed NV appear difficult to obtain.
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Suboptimality — example
We consider two examples with X =R, U =R for N =2

Example 1: 2t =2 +u, ((z,u) =2 + u?
Terminal constraints z,(N) =z, =0

V() = 1.61822%, J< (2, pg) = 1.62522

Example 2: as Example 1, but with ((z,u) = 2% + u?
Voo (20) < 1726, J< (z, po) = 11240

General estimates for fixed N appear difficult to obtain. But
we can give an asymptotic result for N — oo

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 48



Asymptotic Suboptimality

Theorem: For both types of terminal constraints the
assumptions of the stability theorems ensure

Vn(z) = Vo(2)

and thus
JE (2 11x) = Viol)

as N — oo uniformly on compact subsets of the feasible sets
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Asymptotic Suboptimality

Theorem: For both types of terminal constraints the
assumptions of the stability theorems ensure

Vn(z) = Vo(2)

and thus
JE (2 11x) = Viol)

as N — oo uniformly on compact subsets of the feasible sets,
i.e., the MPC performance converges to the optimal one
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Asymptotic Suboptimality

Theorem: For both types of terminal constraints the
assumptions of the stability theorems ensure

Vn(z) = Veo(z)
and thus
JE (2, ) = Vio(2)

as N — oo uniformly on compact subsets of the feasible sets,
i.e., the MPC performance converges to the optimal one

Idea of proof: uses that any approximately optimal trajectory
for J., converges to x, and can thus be modified to meet the
constraints with only moderately changing its value
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Summary of Section (3)

@ terminal conditions reverse the usual inequality
Vg <VntoVn 2>V
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@ terminal conditions reverse the usual inequality
Vg <VntoVn 2>V

@ this enables us to derive the
relaxed dynamic programming inequality (with o = 1)
from the dynamic programming principle
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Summary of Section (3)

@ terminal conditions reverse the usual inequality
Vg <VntoVn 2>V

@ this enables us to derive the
relaxed dynamic programming inequality (with o = 1)
from the dynamic programming principle

@ the operating region is restricted to the feasible set X

o J(x, un) < Vy(x) holds and Viy — Vo, for N — oo
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Summary of Section (3)

@ terminal conditions reverse the usual inequality
Vg <VntoVn 2>V

@ this enables us to derive the
relaxed dynamic programming inequality (with o = 1)
from the dynamic programming principle

@ the operating region is restricted to the feasible set X

o J (x, un) < Vy(x) holds and Viy — V. for N — oo,
but Viy > V,, is possible

UNIVERSITAT
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(4) Stabilizing Model Predictive Control
without stabilizing terminal conditions



MPC without stabilizing terminal constraints

We return to the basic MPC formulation

N—-1

minimize Jy(zo,u) = Y L(wu(k),u(k)), a(0) =20 = 3, (n)

u admissible
k=0

without any stabilizing terminal constraints and costs
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MPC without stabilizing terminal constraints

We return to the basic MPC formulation
N—1

minimize Jy(zo,u) = Y L(wu(k),u(k)), a(0) =20 = 3, (n)

u admissible
k=0

without any stabilizing terminal constraints and costs

In order to motivate why we want to avoid terminal
constraints and costs, we consider an example of P double
integrators in the plane
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Motivation for avoiding terminal conditions

Example: [Annunziato/Borzi '10ff., Fleig '14ff.] The
Fokker-Planck Equation

d

Ory(x,t) Z < (a” (x,t) (171‘)) +Zaf”i (bi(:c.,t;u))y(x,t)) =0

i,j=1 =1

y(,0) = o

is a parabolic PDE describing the evolution of a probability
density function for stochastic control systems
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Motivation for avoiding terminal conditions

Example: [Annunziato/Borzi '10ff., Fleig '14ff.] The
Fokker-Planck Equation

d

Ory(x,t) Z < (a” x,t) (Lf)) +Zaf”i (bi(:c.,t;u))y(w,t)> =0

i,j=1 =1

y(,0) = o

is a parabolic PDE describing the evolution of a probability
density function for stochastic control systems

By solving a Fokker-Planck control problem controls for large
ensembles of stochastic systems can be computed
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Motivation for avoiding terminal conditions

Example: [Annunziato/Borzi '10ff., Fleig '14ff.] The
Fokker-Planck Equation

d

Ory(x,t) Z < (a” x,t) (lf)) +Zaf”i (bi(:c.,t;u))y(w,t)> =0

i,j=1 =1
y(0) = wo
is a parabolic PDE describing the evolution of a probability

density function for stochastic control systems

By solving a Fokker-Planck control problem controls for large
ensembles of stochastic systems can be computed

Due to the complexity of the problem the derivation of
terminal conditions meeting the theoretical assumptions is
hardly feasible
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Motivation for avoiding terminal conditions

Example: [Annunziato/Borzi '10ff., Fleig '14ff.] The
Fokker-Planck Equation

d

Ory(x,t) Z < (a” x,t) (lf)) +Zaf”i (bi(:c.,t;u))y(w,t)> =0

i,j=1 =1
y(0) = wo
is a parabolic PDE describing the evolution of a probability

density function for stochastic control systems

By solving a Fokker-Planck control problem controls for large
ensembles of stochastic systems can be computed

Due to the complexity of the problem the derivation of
terminal conditions meeting the theoretical assumptions is
hardly feasible — but even without MPC works
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Reference density function
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Reference density function
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Stabilizing NMPC without terminal constraint

(Some) stability and performance results known in the literature:

[Alamir/Bornard '95]
[Shamma/Xiong '97, Primbs/Nevisti¢ '00]
[Jadbabaie/Hauser '05]

[Grimm /Messina/Tuna/Teel '05, Tuna/Messina/Teel '06,
Gr./Rantzer '08, Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]
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Stabilizing NMPC without terminal constraint

(Some) stability and performance results known in the literature:

[Alamir/Bornard '95]

use a controllability condition for all z € X
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(Some) stability and performance results known in the literature:
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[Grimm /Messina/Tuna/Teel '05, Tuna/Messina/Teel '06,
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Stabilizing NMPC without terminal constraint

(Some) stability and performance results known in the literature:

[Alamir/Bornard '95]
use a controllability condition for all z € X

[Shamma/Xiong '97, Primbs/Nevisti¢ '00]
use knowledge of optimal value functions

[Jadbabaie/Hauser '05]
use controllability of linearization in x,

[Grimm /Messina/Tuna/Teel '05, Tuna/Messina/Teel '06,
Gr./Rantzer '08, Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]
use bounds on optimal value functions

Here we explain the last approach
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Bounds on the optimal value function

Recall the definition of the optimal value function

Vn(z) := inf ZE Tu(k,x),u(k))

u admissible

Boundedness assumption: there exists v > 0 with
Vn(z) < yl*(x) forallz e X, N € N

where (*(x) := Ef?gﬂrjlf(l’ u)
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Bounds on the optimal value function

Recall the definition of the optimal value function

Vn(z) := inf ZE Tu(k,x),u(k))

u admissible

Boundedness assumption: there exists v > 0 with
Vn(z) < yl*(x) forallz e X, N € N

where (*(x) := min ((x, u)
uelU

(sufficient conditions for and relaxations of this bound will be
discussed later)
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Stability and performance index
We choose ¢, such that

as([le — z.[]) < (z) < au(llz — 2.])

holds for a3, ay € Koo (again, £(z,u) = [|o — 2. | + A|ul]?
works)
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Stability and performance index
We choose /, such that

as(llz = 2.])) < ¢(2) < au(fle — @)

holds for a3, ay € Koo (again, £(z,u) = [|o — 2. | + A|ul]?
works)

Then, the only inequality left to prove in order to apply the
relaxed dynamic programming theorem is

Vn(f(z, pn(z))) < Vn(z) — anl(z, py(r))

for some ay € (0,1) and all z € X
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Stability and performance index
We choose ¢, such that

az([lz — z.) < €(z) < au(llz — 2.])

holds for a3, ay € Koo (again, £(z,u) = [|o — 2. | + A|ul]?
works)

Then, the only inequality left to prove in order to apply the
relaxed dynamic programming theorem is

Vn(f(z, pn(z))) < Vn(z) — anl(z, py(r))

for some ay € (0,1) and all z € X
We can compute vy from the bound Vi (z) < ~0*(x)
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Computing ay
We assume  Vy(z) <yl (x) forall ze€X, NeN (%)

Wewant  Vy(f(z, un(2))) < Vi(z) — anl(z, pn(x))
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Computing ay
We assume  Vy(z) <yl (x) forall ze€X, NeN (%)
We want Vi (z*(1)) < Vn(2*(0)) — anl(z*(0),u*(0))
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Computing ay
We assume Vi (z) <40 (xz) forall ze€X, NeN (%)
We want Vn(z*(1)) < Vn(2*(0)) — anl(z*(0),u*(0))
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We want Vv ( ) < Va(2*(0)) — anl(z*(0),u*(0))
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Computing ay
We assume Vi (z) <40 (xz) forall ze€X, NeN (%)
We want Vv ( ) < Va(2*(0)) — anl(z*(0),u*(0))

e use () to find > 0, k* > 1 with £*(2*(k*)) < nnl*(2*(0))

\y UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 59



Computing ay
We assume Vi (z) <40 (xz) forall ze€X, NeN (%)
We want Vv ( ) < Va(2*(0)) — anl(z*(0),u*(0))

e use () to find > 0, k* > 1 with £*(2*(k*)) < nnl*(2*(0))

e concatenate z*(1),...,x*(k*) and the optimal trajectory
starting in z*(k*)
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Computing ay
We assume Vi (z) <40 (xz) forall ze€X, NeN (%)
We want Vv ( ) < Va(2*(0)) — anl(z*(0),u*(0))

e use () to find > 0, k* > 1 with £*(2*(k*)) < nnl*(2*(0))

e concatenate z*(1),...,x*(k*) and the optimal trajectory
starting in z*(k*)  ~

= Vi(z*(1)) < In(z*(1),0) < Vi (2*(0)) = (1 = ynw) £(27(0), u*(0))
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Computing ay
We assume Vi (z) <40 (xz) forall ze€X, NeN (%)
We want Vv ( ) < Va(2*(0)) — anl(z*(0),u*(0))

e use () to find > 0, k* > 1 with £*(2*(k*)) < nnl*(2*(0))

e concatenate z*(1),...,x*(k*) and the optimal trajectory
starting in z*(k*)  ~

= Vn(2*(1)) < Jn(2*(1),0) < Vn(2*(0)) — (1 = ynw) £(27(0), u*(0))

="“small error’’
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Computing ay
We assume Vi (z) <40 (xz) forall ze€X, NeN (%)
We want Vv ( ) < Va(2*(0)) — anl(z*(0),u*(0))

e use () to find > 0, k* > 1 with £*(2*(k*)) < nnl*(2*(0))

e concatenate z*(1),...,x*(k*) and the optimal trajectory
starting in z*(k*)  ~

= Vi(z*(1)) < In(z*(1),0) < Vi (2*(0)) = (1 = ynw) £(27(0), u*(0))
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall zeX, NeN
We want ny > 0, k* > 1 with ¢*(z*(k*)) < nn0*(2*(0))

Variant 1 [Grimm/Messina/Tuna/Teel '05]
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall zeX, NeN
We want ny > 0, k* > 1 with ¢*(z*(k*)) < nn0*(2*(0))

Variant 1 [Grimm/Messina/Tuna/Teel '05]
Vi (z) < 10*(x)
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall zeX, NeN
We want ny > 0, k* > 1 with ¢*(z*(k*)) < nn0*(2*(0))

Variant 1 [Grimm/Messina/Tuna/Teel '05]
Vn(z) <yl (z) = l(a*(k),u*(k)) <~y (x)/N for at least

one k*
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Decay of the optimal trajectory
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall zeX, NeN
We want ny > 0, k* > 1 with ¢*(z*(k*)) < nn0*(2*(0))

Variant 1 [Grimm/Messina/Tuna/Teel '05]
Vn(z) <yl (z) = l(a*(k),u*(k)) <~y (x)/N for at least
onek* = ay=1-—~(y—-1)/N
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall zeX, NeN
We want ny > 0, k* > 1 with ¢*(z*(k*)) < nn0*(2*(0))

Variant 2 [Tuna/Messina/Teel '06, Gr./Rantzer '08]
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 2 [Tuna/Messina/Teel '06, Gr./Rantzer '08]

Vi (z) < v+ (z)
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 2 [Tuna/Messina/Teel '06, Gr./Rantzer '08]

Vn(z) <l (x) = L(a*(k),u (k) <~ (ﬁ)kg*(x)
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Decay of the optimal trajectory
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Variant 2 [Tuna/Messina/Teel '06, Gr./Rantzer '08]

Vn(z) <l (x) = L(a*(k),u (k) <~ (ﬁ)kg*(x)
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\y UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 61
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 2 [Tuna/Messina/Teel '06, Gr./Rantzer '08]

Vi) <A0(a) = (k) (k) <7 () (@)
S F=N-1 = ay=1-(y- 1/

\y UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 61



Decay of the optimal trajectory

We assume Vi (z) < 0*(z) forall zeX NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 3 [Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]
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Decay of the optimal trajectory

We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 3 [Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]
V() < 7l (x)
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Decay of the optimal trajectory
We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny > 0, k* > 1 with ¢*(z*(k*)) < nyl*(x*(0))

Variant 3 [Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]

Vn(z) < ~40*(x) = formulate all constraints

\y UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 62



Decay of the optimal trajectory
We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 3 [Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]

Vn(z) < ~40*(x) = formulate all constraints and trajectories
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Decay of the optimal trajectory
We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))
Variant 3 [Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]
Vn(z) < ~40*(x) = formulate all constraints and trajectories

= optimize for ay
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Decay of the optimal trajectory
We assume Vi (z) <40 (z) forall ze€X, NeN
We want ny >0, k* > 1 with *(x*(k*)) < ny0*(2*(0))

Variant 3 [Gr. '09, Gr./Pannek/Seehafer/Worthmann '10]
Vn(z) < ~40*(x) = formulate all constraints and trajectories

—  optimize f 1 __O=p¥
ptimize tor ooy = an = AN-I_(y—1)N-2
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Optimization approach to compute oy

We explain the optimization approach (Variant 3) in more
detail. We want o such that

Vi (z*(1)) < Vn(27(0)) — ant(z*(0),u(0))

holds for all optimal trajectories z*(n), u*(n) for Vy
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Optimization approach to compute oy

We explain the optimization approach (Variant 3) in more
detail. We want o such that

Vi (z*(1)) < Vn(27(0)) — ant(z*(0),u(0))

holds for all optimal trajectories z*(n), u*(n) for Vy

The bound and the dynamic programming principle imply:
Vn(2™(1)) < 40 (2"(1))
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Optimization approach to compute oy

We explain the optimization approach (Variant 3) in more
detail. We want o such that

Vi (z*(1)) < Vn(27(0)) — ant(z*(0),u(0))

holds for all optimal trajectories z*(n), u*(n) for Vy

The bound and the dynamic programming principle imply:
Vn(2™(1)) < 40 (2"(1))
Vn(z*(1)) < La"(1),u"(1)) + 0" (z"(2))
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Optimization approach to compute oy

We explain the optimization approach (Variant 3) in more
detail. We want o such that

Vi (z*(1)) < Vn(27(0)) — ant(z*(0),u(0))

holds for all optimal trajectories z*(n), u*(n) for Vy

The bound and the dynamic programming principle imply:
Vn(z*(1)) < 2 (a*(1))

((z*(1),u"(1)) + 7€ (2*(2))

((z*(1),u"(1)) + €(27(2),u"(2)) + 7" (z7(3))

>
8 8

* *
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AIA
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Optimization approach to compute oy

We explain the optimization approach (Variant 3) in more
detail. We want o such that

Vi (z*(1)) < Vn(27(0)) — ant(z*(0),u(0))

holds for all optimal trajectories z*(n), u*(n) for Vy

The bound and the dynamic programming principle imply:
Vn(z*(1)) < 2 (a*(1))

((z*(1),u"(1)) + 7€ (2*(2))

((z*(1),u"(1)) + €(27(2),u"(2)) + 7" (z7(3))

>
8 8

* *
= =
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Optimization approach to compute oy
~» Vi (2*(1)) is bounded by sums over {(z*(n),u*(n))

For sums of these values, in turn, we get bounds from the
dynamic programming principle and the bound
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Optimization approach to compute oy
~» Vi (2*(1)) is bounded by sums over {(z*(n),u*(n))

For sums of these values, in turn, we get bounds from the
dynamic programming principle and the bound:

iﬁ(w*(ﬂ/)7U*(N)) = Vn(z*(0)) < 40 (27(0))
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Optimization approach to compute oy
~» Vi (2*(1)) is bounded by sums over {(z*(n),u*(n))

For sums of these values, in turn, we get bounds from the
dynamic programming principle and the bound:

iﬁ(w*(ﬂ/)7U*(N)) = Vn(z*(0)) < 40 (27(0))

S U@ m)ar(n) = Vea( (1) < 40 (1)
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Optimization approach to compute oy
~» Vi (2*(1)) is bounded by sums over {(z*(n),u*(n))

For sums of these values, in turn, we get bounds from the
dynamic programming principle and the bound:

N

Sl () = Ve(@H(0) < A8 0)
S Ut m)w(n) = Via('(1) < (1)

((z*(n),u*(n)) = Vyo(2*(2)) < ~0*(2*(2))
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Optimization approach to compute oy
~» Vi (2*(1)) is bounded by sums over {(z*(n),u*(n))

For sums of these values, in turn, we get bounds from the
dynamic programming principle and the bound:

N

Sl () = Ve(@H(0) < A8 0)
S Ut m)w(n) = Via('(1) < (1)

((z*(n),u*(n)) = Vyo(2*(2)) < ~0*(2*(2))
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Verifying the relaxed Lyapunov inequality

Find ayy, such that for all optimal trajectories x*, u*:
Vi (z*(1)) < Vn(2*(0)) — ant(2*(0), u*(0)) (%)
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Verifying the relaxed Lyapunov inequality

Find ayy, such that for all optimal trajectories x*, u*:
Vi (z*(1)) < Vn(2*(0)) — ant(2*(0), u*(0)) ()
Define An = L(x*(n),u*(n)), v:=Vy(a*(1))
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Verifying the relaxed Lyapunov inequality

Find ayy, such that for all optimal trajectories x*, u*:

Vi (z*(1)) < V(2*(0)) — ant(2*(0), u*(0)) (%)
Define An = L(x*(n),u*(n)), v:=Vy(a*(1))
Then: (%) & v < Nz_:l A — QN A
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Verifying the relaxed Lyapunov inequality
Find ayy, such that for all optimal trajectories x*, u*:
Vi (z*(1)) < Vi (2*(0)) — ant(z*(0),u*(0)) ()
Define An = L(x*(n),u*(n)), v:=Vy(z*(1))
N-—1
Then: () & v <> A\ —ank
n=0
The inequalities from the last slides translate to

N—-1

> A<y, kE=0,...,N-2 (1)
n==k
J
VSZ)\H+7)\j+17 j:())"'aN_Z (2)
n=1
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Verifying the relaxed Lyapunov inequality

Find ayy, such that for all optimal trajectories x*, u*:

Vn(2*(1)) < Viv(27(0)) — ant(z*(0), u(0)) (%)
Define Ap = L(z*(n),u*(n)), v:=Vy(a*(1))
Then: (%) & v < z_: An — N Ao

The inequalities from the last slides translate to

N-1
> A<y, kE=0,...,N-2 (1)

n==k

J
VSZ)\H+7)\j+17 j:())"'aN_Z (2)

n=1

We call A, ..., An_1,v > 0 with (1), (2) admissible
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Verifying the relaxed Lyapunov inequality

2
L

VS /\n—OéNAO

3
Il
o

The inequalities from the last slides translate to

N—-1
> A<M, k=0,...,N-2 (1)

n==k

J
VSZ)\H+7)\j+17 j:())"'aN_Z (2)

n=1

We call A, ..., Ay_1,v > 0 with (1), (2) admissible
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Optimization problem
= if ay is such that the inequality
N-1

v S Z)\n - OCN)\O

n=0
holds for all admissible \,, and v/, then the desired inequality
will hold for all optimal trajectories
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Optimization problem
= if ay is such that the inequality

N—-1 ZN_I)\ _
v < Z)\n_aN)\O & oay <=0
n=0 >\O

holds for all admissible \,, and v, then the desired inequality
will hold for all optimal trajectories
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Optimization problem
= if ay is such that the inequality

N—1 SNy,
v < Z)\n—OéN)\o & oay <=0
n=0 >\O

holds for all admissible \,, and v, then the desired inequality
will hold for all optimal trajectories

The largest «y satisfying this condition is

S W
. — n
ay = min Sn=0 "1

An, v admissible Ao
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Optimization problem
= if ay is such that the inequality

N-1 ZN_I I
v < Z)\”—QN)\O & ay < &=ttt -
n=0 >\0

holds for all admissible \,, and v, then the desired inequality
will hold for all optimal trajectories

The largest «y satisfying this condition is

N—-1
. Zn:O >\n —V
ay = min —_—
An, v admissible )\0

This is a linear optimization problem whose solution can be
computed explicitly (which is nontrivial) and reads

(v -1
G-
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Stability and performance theorem

Theorem: [Gr./Pannek/Seehafer/Worthmann '10]: Assume
Vn(z) < yl*(x) for all z € X, N € N. If

ay >0

then the NMPC closed loop is asymptotically stable with
Lyapunov function Vy
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Stability and performance theorem

Theorem: [Gr./Pannek/Seehafer/Worthmann '10]: Assume
Vn(z) < yl*(x) for all z € X, N € N. If

ay >0

then the NMPC closed loop is asymptotically stable with
Lyapunov function V) and we get the performance estimate
J (2, un) < Vielx)/ay  with

(y =D

ay =1-—
" = (y =N

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 67



Stability and performance theorem

Theorem: [Gr./Pannek/Seehafer/Worthmann '10]: Assume
Vn(z) < yl*(x) for all z € X, N € N. If

In(y —1)
Iny —1In(y—1)
then the NMPC closed loop is asymptotically stable with
Lyapunov function V) and we get the performance estimate
J (2, un) < Vielx)/ay  with
(v—=1"
= (y =N

ay >0 N >2+

OzNzlf
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Stability and performance theorem

Theorem: [Gr./Pannek/Seehafer/Worthmann '10]: Assume
Vn(z) < yl*(x) for all z € X, N € N. If

In(y —1)
Iny—In(y—1

ay>0& N>2+ >~'yln7
then the NMPC closed loop is asymptotically stable with
Lyapunov function V) and we get the performance estimate
J (2, un) < Violx)/ay  with

(y =DV

ay =1-—
" = (y =N
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Stability and performance theorem

Theorem: [Gr./Pannek/Seehafer/Worthmann '10]: Assume
Vn(z) < yl*(x) for all z € X, N € N. If

In(y —1)
Iny—In(y—1

ay>0& N>2+ >~'yln7
then the NMPC closed loop is asymptotically stable with
Lyapunov function V) and we get the performance estimate
J (2, un) < Violx)/ay  with

(y =DV

SN (5 — 1)V — 1 as N —

OzNzlf
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Stability and performance theorem

Theorem: [Gr./Pannek/Seehafer/Worthmann '10]: Assume
Vn(z) < yl*(x) for all z € X, N € N. If

In(y —1)
Iny —1In(y—1)
then the NMPC closed loop is asymptotically stable with
Lyapunov function V) and we get the performance estimate
J (2, un) < Violx)/ay  with

(v—=1"
REICES Ve

ay >0« N >2+

~ ylny

ay=1-— — 1 as N — ¢

Conversely, if N <2+ % then there exists a system

for which Vy(z) < ~v¢*(x) holds but the NMPC closed loop is
not asymptotically stable.
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Horizon dependent ~-values
The theorem remains valid if we replace the bound condition
V() <0 ()

by
Vn(z) < vl (o)

for horizon-dependent bounded values vy € R, N € N
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Horizon dependent ~-values
The theorem remains valid if we replace the bound condition
Vn(x) <~y (x)

by
Vn(z) < vl (o)

for horizon-dependent bounded values vy € R, N € N

(WN*UINI(%’*U
~ ay=1l-—¢ Z;Q
I;IQ'Vi_:l_[Q(’Yi_l)
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Horizon dependent ~-values
The theorem remains valid if we replace the bound condition
V() <0 ()

by
Vn(z) < vl ()

for horizon-dependent bounded values vy € R, N € N

(WN*UINI(%‘*U
~ oay=1-—7% Z;Q
I;IQ'Vi_:l_[Q(’Yi_l)

This allows for tighter bounds and a refined analysis
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Controllability condition

A refined analysis can be performed if we compute v, from a
controllability condition
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Controllability condition

A refined analysis can be performed if we compute v, from a
controllability condition, e.g., exponential controllability:

Assume that for each x, € X there exists an admissible control
u such that

Uzy(k),u(k)) < Cc*t*(zy), k=0,1,2,...

for given overshoot constant C' > 0 and decay rate o € (0, 1)

9
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Controllability condition

A refined analysis can be performed if we compute v, from a
controllability condition, e.g., exponential controllability:

Assume that for each x, € X there exists an admissible control
u such that

Uzy(k),u(k)) < Cc*t*(zy), k=0,1,2,...

for given overshoot constant C' > 0 and decay rate o € (0, 1)

9

N—-1

~ o V() <anl*(z) for yn = Z Co*
k=0
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Controllability condition

A refined analysis can be performed if we compute v, from a
controllability condition, e.g., exponential controllability:

Assume that for each x, € X there exists an admissible control
u such that

Uzy(k),u(k)) < Cc*t*(zy), k=0,1,2,...

for given overshoot constant C' > 0 and decay rate o € (0, 1)

9

N—-1

~ o V() <anl*(z) for yn = Z Co*
k=0

This allows to compute the minimal stabilizing horizon
min{N € N|ay > 0}
depending on C' and o
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Stability chart for C' and o
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Stability chart for C' and o

Lo L
0.87
0.67
0.4:
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] (Figure: Harald Voit)

C
Conclusion: for short optimization horizon N it is
more important: small C' (*“small overshoot”)
less important: small o (“fast decay”)
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Stability chart for C' and o

10K L
0.87
0.67
0.4:

0.2

] (Figure: Harald Voit)

0.0 n n n n T n n n n T n n n n T n n L L i}
1 2 3 1 5

C
Conclusion: for short optimization horizon N it is
more important: small C' (*“small overshoot”)
less important: small o (“fast decay”)

(we will see at the end of the section how to use this information)
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Comments and extensions

@ for unconstrained linear quadratic problems:
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Comments and extensions

@ for unconstrained linear quadratic problems:
existence of v < (A, B) stabilizable
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Comments and extensions

@ for unconstrained linear quadratic problems:
existence of v < (A, B) stabilizable

@ additional weights on the last term can be incorporated
into the analysis [Gr./Pannek/Seehafer/Worthmann '10]
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Comments and extensions

@ for unconstrained linear quadratic problems:
existence of v < (A, B) stabilizable

@ additional weights on the last term can be incorporated
into the analysis [Gr./Pannek/Seehafer/Worthmann '10]

@ instead of using 7, a can be estimated numerically online
along the closed loop [Pannek et al. "10ff]
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Comments and extensions

@ for unconstrained linear quadratic problems:
existence of v < (A, B) stabilizable

@ additional weights on the last term can be incorporated
into the analysis [Gr./Pannek/Seehafer/Worthmann '10]

@ instead of using 7, a can be estimated numerically online
along the closed loop [Pannek et al. "10ff]

@ positive definiteness of ¢ can be replaced by a
detectability condition [Grimm /Messina/Tuna/Teel '05]
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Comments and extensions

@ for unconstrained linear quadratic problems:
existence of v < (A, B) stabilizable

@ additional weights on the last term can be incorporated
into the analysis [Gr./Pannek/Seehafer/Worthmann '10]

@ instead of using 7, a can be estimated numerically online
along the closed loop [Pannek et al. "10ff]

@ positive definiteness of ¢ can be replaced by a
detectability condition [Grimm /Messina/Tuna/Teel '05]

@ under appropriate uniformity assumptions, the results are
easily carried over to tracking time variant references
Tref(n) instead of an equilibrium =, [Gr./Pannek '11]
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx

e there is v > 0 with p(r) < ~r for all r € [0, 00| a
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx

e there is v > 0 with p(r) < ~r for all r € [0, 00|
= global asymptotic stability

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 72



Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx

e there is v > 0 with p(r) < ~r for all r € [0, 00|
= global asymptotic stability

e for each R > 0
there is vz > 0 with p(r) < ~vgr for all r € [0, R]
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx

e there is v > 0 with p(r) < ~r for all r € [0, 00|
= global asymptotic stability

e for each R >0
there is vz > 0 with p(r) < ~vgr for all r € [0, R]
= semiglobal asymptotic stability
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx

e there is v > 0 with p(r) < ~r for all r € [0, 00|
= global asymptotic stability

e for each R > 0

there is vz > 0 with p(r) < ~vgr for all r € [0, R]
= semiglobal asymptotic stability

e p € [, arbitrary
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Comments and extensions
The "“linear” inequality Viy(z) < v¢*(x) may be too
demanding for nonlinear systems under constraints

Generalization:  Vy(z) < p(0*(x)), p€ Kx

e there is v > 0 with p(r) < ~r for all r € [0, 00|
= global asymptotic stability

e for each R >0
there is vz > 0 with p(r) < ~vgr for all r € [0, R]
= semiglobal asymptotic stability

e p € [, arbitrary
= semiglobal practical asymptotic stability

[Grimm/Messina/Tuna/Teel '05, Gr./Pannek '11]
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The car-and-mountains example reloaded
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The car-and-mountains example reloaded

0.8
0.6
0.4
02y o o "
0 i ety
A NN ALY
A
-0.2 A
~0.4

-0.6
-08

“o5 [ 05 1 15

MPC with ((x,u) = ||z — z.[|* + |u|* and Upax = 0.2
~ asymptotic stability for N = 11 but not for N < 10
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The car-and-mountains example reloaded

0.8
06
0.4
o2r

-0.2

-04
-0.6
-08

MPC with ((x,u) = ||o — z.||* + |u]* and . = 0.2
~ asymptotic stability for N = 11 but not for N < 10

Reason: detour around mountains causes large overshoot
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The car-and-mountains example reloaded

0.8
06
0.4

0.2

-0.2

-04

-0.6

-08

MPC with ((x,u) = ||z — z.[|* + |u|* and Upax = 0.2
~ asymptotic stability for N = 11 but not for N < 10

Reason: detour around mountains causes large overshoot

Remedy: put larger weight on x:
U(z,u) = (21 — Tu1)® + 5(22 — T42)® + |uf?
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The car-and-mountains example reloaded

0.8
06
0.4

0.2

-0.2

-04

-0.6

-08

MPC with ((x,u) = ||o — z.||* + |u]* and . = 0.2
~ asymptotic stability for N = 11 but not for N < 10

Reason: detour around mountains causes large overshoot

Remedy: put larger weight on x:
U(z,u) = (21 — Tu1)® + 5(22 — T42)® + |ul* ~ as. stab. for N =2
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A PDE example

We illustrate this with the 1d controlled PDE

with

domain €2 = [0, 1]

solution y = y(t, z)

boundary conditions y(¢,0) = y(¢t,1) =0
parameters v = 0.1 and p = 10

and distributed control u : R x ) — R
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A PDE example

We illustrate this with the 1d controlled PDE

with

domain €2 = [0, 1]

solution y = y(t, z)

boundary conditions y(¢,0) = y(¢t,1) =0
parameters v = 0.1 and p = 10

and distributed control u : R x ) — R

Discrete time system: y(n) = y(nT, ), sampling time 7" = 0.025

UNIVERSITAT
BAYREUTH

Lars Griine, Nonlinear Model Predictive Control, p. 74



The uncontrolled PDE

t=0

0.81

0.4f

0.2r

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.025

0.81
0.6
0.4r

0.2r

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.05

0.81

0.4f

0.2r

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.075

0.81

0.4f

0.2r

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.1

0.81

0.4f

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 75



The uncontrolled PDE

t=0.125

0.81

0.4f

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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0.2

The uncontrolled PDE

t=0.15

| |
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.175

| |
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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0.81

0.4f

The uncontrolled PDE

t=0.2

UNIVERSITAT
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| |
0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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0.81

0.4f

The uncontrolled PDE

t=0.225
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| |
0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.25

0.81

0.4f

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 75



The uncontrolled PDE

t=0.275

0.81

0.4f

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.3

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.325

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.35

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.375

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.4

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.425

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.45

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.475

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.5

0.81

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.525

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.55

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.575

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.6

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.625

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.65

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.675

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.7

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.725

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.75

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.775

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.8

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.825

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.85

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.875

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.9

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.925

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.95

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=0.975

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

t=1

_l 1 Il 1
0 0.2 0.4 0.6 0.8 1

uncontrolled (u = 0)
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The uncontrolled PDE

all equilibrium solutions
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MPC for the PDE example

Yo = Yo + Vaa + py(y + 1) (1 —y) +u
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MPC for the PDE example
Yo =Yz + Ve + py(y + (1 —y) +u

Goal: stabilize the sampled data system y(n) at y = 0
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MPC for the PDE example
Yo =Yz + Ve + py(y + (1 —y) +u

Goal: stabilize the sampled data system y(n) at y = 0

Usual approach: quadratic L? cost
Uy(n),u(n)) = lly(n)lI72 + Alu(n)|7:
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MPC for the PDE example
Yt = Yo + Voo +py(y +1)(1 —y) +u

Goal: stabilize the sampled data system y(n) at y = 0

Usual approach: quadratic L? cost
Uy(n),u(n)) = lly(n)lI72 + Alu(n)|7:

For y ~ 0 the control u must compensate for 1, ~» u ~ —,
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MPC for the PDE example
Yt = Yo + Voo +py(y +1)(1 —y) +u

Goal: stabilize the sampled data system y(n) at y = 0
Usual approach: quadratic L? cost
Uy(n),u(n)) = lly(n)[I72 + Allu(n)|lz:
For y ~ 0 the control u must compensate for 1, ~» u ~ —,

~ controllability condition
((y(n),u(n)) < Co™*(y(0))
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MPC for the PDE example
Yt = Yo + Voo +py(y +1)(1 —y) +u

Goal: stabilize the sampled data system y(n) at y = 0
Usual approach: quadratic L? cost
Uy(n),u(n)) = lly(n)[I72 + Allu(n)|lz:
For y ~ 0 the control u must compensate for 1, ~» u ~ —,
~ controllability condition
l(y(n),u(n)) < Co™t*(y(0))
<yl + Alu)lz. < Co™[ly(0)]7
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MPC for the PDE example
Yo =Yz + Ve + py(y + (1 —y) +u

Goal: stabilize the sampled data system y(n) at y = 0
Usual approach: quadratic L? cost
Uy(n),u(n)) = lly(n)[I72 + Allu(n)|lz:
For y ~ 0 the control u must compensate for 1, ~» u ~ —,
~ controllability condition
((y(n),u(n)) < Co™*(y(0))
<yl + Alu)lz. < Co™[ly(0)]7
~  ymlz: + AMly=(n)ll7. < Comlly(0)]|7

IN
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MPC for the PDE example

Yo = Yo+ Voo +py(y + 1)(L—y) +u

Goal: stabilize the sampled data system y(n) at y = 0
Usual approach: quadratic L? cost
Uy(n),u(n)) = lly(n)[I72 + Allu(n)|lz:
For y ~ 0 the control u must compensate for y, ~~ u ~ —y,
~ controllability condition
l(y(n),u(n)) < Co"t*(y(0))

& lym)2 + Mum)2: < Comlly(O)]I2:

~ )2 + A2, < Comlly(O)2
for [|y.||r2 = ||ly||.2 this can only hold if C' > 0
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MPC for the PDE example

Conclusion: because of

ly(m)lIZ2 + Mllya ()22 < Co™y(0)]IZ2

the controllability condition may only hold for very large C
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MPC for the PDE example

Conclusion: because of

ly()lIZ> + Allys ()72 < Co™{ly(0)]Z-
the controllability condition may only hold for very large C

Remedy: use H' cost

((y(n),u(n)) = [ly(m)lIz2 + ly=()IlZz +Alu(n)|Z:.

-~

=lymI2,,
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MPC for the PDE example
Conclusion: because of
ly(n)[IZ2 + AMlya(n)l72 < Co™[[y(0)lI7
the controllability condition may only hold for very large C

Remedy: use H' cost

((y(n),u(n)) = [ly(m)lIz2 + ly=()IlZz +Alu(n)|Z:.

-~

=lymI2,,

Then an analogous computation yields

ly() 22 + 1+ Mg < Co (lyO)l2 + 2 0)]:)
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MPC with Ly vs. H; cost

t=0

—N=3, L2
0.8f —N=11, L2
——N=3,H1

0.61

0.4f

0.2-

i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.025

—N=3, L2
0.8f —N=11, L2
——N=3,H1

0.61

0.4f

0.2-

i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.05

—N=3, L2
0.8f —N=11, L2
——N=3,H1

0.61

0.4f

0.2-

i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.075

—N=3, L2
0.8f —N=11, L2
——N=3,H1

0.61

0.4f

0.2-

i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.1
1-
—N=3,L2
0.8F —N=11, L2
—N=3,HL
0.6-
0.4F
0.2F

i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.125

— \| = 3’ L2
- —N=11, L2
—N=3,HL

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.15

— \| = 3’ L2
- —N=11, L2
—N=3,HL

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.175

— \| = 3’ L2
- —N=11, L2
—N=3,HL

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.2

— \| = 3’ L2
- —N=11, L2
—N=3,HL

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost
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MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.25
1r
—N=3, L2
0.8 —N=11, L2
= N=3, H1
0.61
0.4f
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i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.275
1-
—N=3,L2
0.8F —N=11, L2
—N=3,HL
0.6-
0.4F
0.2F

i i i i
0 0.2 0.4 0.6 0.8 1

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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MPC with Ly vs. H; cost

t=0.3
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—N=3,HL

MPC with L, and H; cost, A = 0.1, sampling time 7" = 0.025
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Boundary Control

Now we change our PDE from distributed to (Dirichlet-)
boundary control, i.e.

Yo = Yo+ Voo + 1y(y + 1)(1 — y)
with
domain Q = [0, 1]
solution y = y(t, x)
boundary conditions y(t,0) = uo(t), y(t, 1) = uy(t)
parameters v = 0.1 and p = 10
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Boundary Control

Now we change our PDE from distributed to (Dirichlet-)
boundary control, i.e.

Yi = Yo + Vo + py(y + 1)(1 = y)
with
domain Q = [0, 1]
solution y = y(t, x)
boundary conditions y(t,0) = uo(t), y(t, 1) = uy(t)
parameters v = 0.1 and p = 10

with boundary control, stability can only be achieved via large
gradients in the transient phase
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Boundary Control
Now we change our PDE from distributed to (Dirichlet-)

boundary control, i.e.

Yo = Yo + Voo + 1y (y +1)(1 = y)
with
domain Q = [0, 1]
solution y = y(t, x)
boundary conditions y(t,0) = uo(t), y(t, 1) = uy(t)
parameters v = 0.1 and p = 10

with boundary control, stability can only be achieved via large
gradients in the transient phase
~ L? should perform better that H*
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Boundary control, Loy vs. Hy, N =20

t=0
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Boundary control, A = 0.001, sampling time 7" = 0.025
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20

t=0.225
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Boundary control, A = 0.001, sampling time 7" = 0.025

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 80



Boundary control, Loy vs. Hy, N =20

t=0.25
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Boundary control, A = 0.001, sampling time 7" = 0.025
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Boundary control, Loy vs. Hy, N =20

t=0.275
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Boundary control, Loy vs. Hy, N =20

t=0.3
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Boundary control, Loy vs. Hy, N =20

t=0.325
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Boundary control, Loy vs. Hy, N =20

t=0.35
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Boundary control, Loy vs. Hy, N =20

t=0.375
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Boundary control, Loy vs. Hy, N =20

t=0.4
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Boundary control, Loy vs. Hy, N =20

t=0.425
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Boundary control, Loy vs. Hy, N =20

t=0.45
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Boundary control, Loy vs. Hy, N =20

t=0.475
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Boundary control, Loy vs. Hy, N =20

t=0.5
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Boundary control, Loy vs. Hy, N =20

t=0.525
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20

t=0.575
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Boundary control, Loy vs. Hy, N =20

t=0.6
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Boundary control, Loy vs. Hy, N =20

t=0.625
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Boundary control, Loy vs. Hy, N =20

t=0.65
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Boundary control, Loy vs. Hy, N =20

t=0.675

Horizont 20 (L2)
Horizont 20 (H1)

0.8

0.6

1 L L L L L L L I I |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Boundary control, A = 0.001, sampling time 7" = 0.025

\y UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 80



Boundary control, Loy vs. Hy, N =20

t=0.7
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Boundary control, Loy vs. Hy, N =20

t=0.725
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Boundary control, Loy vs. Hy, N =20

t=0.75
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20
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Boundary control, Loy vs. Hy, N =20

t=0.85
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Boundary control, A = 0.001, sampling time 7" = 0.025
Can be made rigorous for many PDEs [Altmiiller et al. '10ff]
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Summary of Section (4)

@ Stability and performance of MPC without terminal
constraints can be ensured by suitable bounds on Vy
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Summary of Section (4)

@ Stability and performance of MPC without terminal
constraints can be ensured by suitable bounds on Vy

@ An optimization approach allows to compute the best
possible a/y in the relaxed dynamic programming theorem
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Summary of Section (4)
@ Stability and performance of MPC without terminal
constraints can be ensured by suitable bounds on Vy

@ An optimization approach allows to compute the best
possible a/y in the relaxed dynamic programming theorem

@ The v or vy can be computed from controllability
properties, e.g., exponential controllability
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Summary of Section (4)
@ Stability and performance of MPC without terminal
constraints can be ensured by suitable bounds on Vy

@ An optimization approach allows to compute the best
possible a/y in the relaxed dynamic programming theorem

@ The v or vy can be computed from controllability
properties, e.g., exponential controllability

@ The overshoot bound C' > 0 plays a crucial role or
obtaining small stabilizing horizons
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Summary of Section (4)

Stability and performance of MPC without terminal
constraints can be ensured by suitable bounds on Vy

@ An optimization approach allows to compute the best
possible a/y in the relaxed dynamic programming theorem

@ The v or vy can be computed from controllability
properties, e.g., exponential controllability

@ The overshoot bound C' > 0 plays a crucial role or
obtaining small stabilizing horizons

@ Computing tight estimates for C' is in general a difficult if
not impossible task
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Summary of Section (4)

Stability and performance of MPC without terminal
constraints can be ensured by suitable bounds on Vy

@ An optimization approach allows to compute the best
possible a/y in the relaxed dynamic programming theorem

@ The v or vy can be computed from controllability
properties, e.g., exponential controllability

@ The overshoot bound C' > 0 plays a crucial role or
obtaining small stabilizing horizons

@ Computing tight estimates for C' is in general a difficult if
not impossible task

@ But structural knowledge of the system behavior can be
sufficient for choosing a “good” /
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(5) Economic Model Predictive Control



Motivation for economic MPC

Typical approach in practice (e.g., in chemical process control):
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Motivation for economic MPC

Typical approach in practice (e.g., in chemical process control):

(1) compute an economically good equilibrium (., u,)
(“"good” = high yield, small energy consumption, etc.)
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Motivation for economic MPC

Typical approach in practice (e.g., in chemical process control):

(1) compute an economically good equilibrium (., u,)
(“"good” = high yield, small energy consumption, etc.)

(2) design a controller stabilizing (z.,u.), e.g., by MPC
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Motivation for economic MPC

Typical approach in practice (e.g., in chemical process control):

(1) compute an economically good equilibrium (., u,)
(“"good” = high yield, small energy consumption, etc.)

(2) design a controller stabilizing (z.,u.), e.g., by MPC

This works fine as long as the system state is close to z,
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Motivation for economic MPC

Typical approach in practice (e.g., in chemical process control):

(1) compute an economically good equilibrium (., u,)
(“"good” = high yield, small energy consumption, etc.)

(2) design a controller stabilizing (z.,u.), e.g., by MPC

This works fine as long as the system state is close to x, but
on the way towards x, performance in the sense of the chosen
criterion may be bad
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Motivation for economic MPC

Typical approach in practice (e.g., in chemical process control):

(1) compute an economically good equilibrium (., u,)
(“"good” = high yield, small energy consumption, etc.)

(2) design a controller stabilizing (z.,u.), e.g., by MPC

This works fine as long as the system state is close to x, but
on the way towards x, performance in the sense of the chosen
criterion may be bad

Idea: Use a stage cost ¢ which does not penalize the distance
to some 1z, but directly encodes the desired economic criterion
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Mathematical difference of stabilizing and

economic MPC

In stabilizing MPC, the stage cost /(x, u) penalizes the
distance to some equilibrium (z,,u,) € X x U. In particular,
we required

Ux,u) > l(ze,us) forall (z,u) e Xx U
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Mathematical difference of stabilizing and

economic MPC

In stabilizing MPC, the stage cost /(x, u) penalizes the
distance to some equilibrium (z,,u,) € X x U. In particular,
we required

Ux,u) > l(ze,us) forall (z,u) e Xx U

In economic MPC, we remove this requirement. We use the
same algorithm as in stabilizing MPC, but allow for more
general / to have more freedom to model economic objectives
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Mathematical difference of stabilizing and

economic MPC

In stabilizing MPC, the stage cost /(z,u) penalizes the
distance to some equilibrium (z,,u,) € X x U. In particular,
we required

Ux,u) > l(ze,us) forall (z,u) e Xx U

In economic MPC, we remove this requirement. We use the
same algorithm as in stabilizing MPC, but allow for more
general / to have more freedom to model economic objectives

We still consider equilibria, but they are now implicitly defined
via the optimization criterion. In order to distinguish them
from (z.,u.) in stabilizing MPC, they are denoted by (z¢, u)
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Performance

As [ is no longer sign definite, we need to redefine how we
measure the performance of pin
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Performance

As [ is no longer sign definite, we need to redefine how we
measure the performance of pin
Infinite horizon averaged performance:

K-1

—cl . 1
J o (x, 1uy) = h?jolip % Z Uy (n, ), pn (2, (0, 7))
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Performance

As [ is no longer sign definite, we need to redefine how we
measure the performance of pin

Infinite horizon averaged performance:
1 1
J o (x, 1uy) = ligfo%p % Z Uy (n, ), pn (2, (0, 7))

Finite horizon (or transient) performance:

K-1
/K :uN Zﬁ /L‘MN n,r /LN(.”L'MN(TL,(L')))
n=0
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Performance

As [ is no longer sign definite, we need to redefine how we
measure the performance of pin

Infinite horizon averaged performance:

K—1
. . 1
J ooz, py) = limsup Z Uy (n, ), pn (2, (0, 7))
K—oo K n—0

Finite horizon (or transient) performance:

K-1

/’U :“N Zﬁ /I;MN n,x /LN(.’EMN(?”L,(L')))

n=0
Only in special cases K — oo makes sense
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Example: minimum energy control

Example: Keep the state of the system inside the admissible
set X minimizing the quadratic control effort

((x,u) = u?
with dynamics

x(n+1)=2z(n) +u(n)

and constraints X = [-2,2], U = [-3, 3]
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Example: minimum energy control

Example: Keep the state of the system inside the admissible
set X minimizing the quadratic control effort

((x,u) = u?
with dynamics
x(n+1)=2z(n) +u(n)
and constraints X = [-2,2], U = [-3, 3]

For this example, a good strategy is to control the system to
x¢ =0 and keep it there with u® =0
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Example: minimum energy control

Example: Keep the state of the system inside the admissible
set X minimizing the quadratic control effort

((x,u) = u?
with dynamics
x(n+1)=2z(n) +u(n)
and constraints X = [-2,2], U = [-3, 3]

For this example, a good strategy is to control the system to
x¢ =0 and keep it there with u® =0
~ (2% u®) is an optimal equilibrium with ((2¢, u¢) =0

(recall:  (z¢,u®) equilibrium < f(z u®) = z°)
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Example: trajectories
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Example: trajectories
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Example: averaged closed loop performance
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ji(O.E),,uN) — ((x°,u®) depending on N, logarithmic scale
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Observations

@ optimal open loop trajectories approach the optimal
equilibrium, stay near it for a while, and turn away
— “turnpike property”
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— “turnpike property”
@ closed loop trajectories converge to a neighborhood of the
optimal equilibrium whose size tends to 0 as N — oo
@ the averaged closed loop performance satisfies

ji(% py) — L(x¢ u¢) as N — oo (exponentially fast)

Can we prove this behavior?
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Observations

@ optimal open loop trajectories approach the optimal
equilibrium, stay near it for a while, and turn away
— “turnpike property”
@ closed loop trajectories converge to a neighborhood of the
optimal equilibrium whose size tends to 0 as N — oo
@ the averaged closed loop performance satisfies

ji(% py) — L(x¢ u¢) as N — oo (exponentially fast)

Can we prove this behavior?
The first property will turn out to be the crucial one

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 89



Towards a performance estimate
Defining the optimal value function Vi (z) := inf, Jy(z, u),
the “trick” in all MPC proofs lies in relating Vy and Vi

\y‘ UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 90



Towards a performance estimate

Defining the optimal value function Vi (z) := inf, Jy(z, u),
the “trick” in all MPC proofs lies in relating Vy and Vi

In economic MPC, the desired inequality is
VN(ZL’) S VN_l(ZE) + E(Ic, uc) +¢€

for a small error term € > 0
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Towards a performance estimate
Defining the optimal value function Vi (z) := inf, Jy(z, u),
the “trick” in all MPC proofs lies in relating Vy and Vi

In economic MPC, the desired inequality is

VN(ZE) < VN_l(l’) + E(SL’C, u“) +e
——

Uz, pn(x)+ Va1 (f(z, pn ()
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Towards a performance estimate
Defining the optimal value function Vi (z) := inf, Jy(z, u),
the “trick” in all MPC proofs lies in relating Vy and Vi

In economic MPC, the desired inequality is

VN(ZL’) S VN_l(ZE) + E(IC, uc) +¢€

= 0 i () AV (F (o (2)) € Viea ()00, 0+

Using this mequallty for v = x,,(0),...,2,,(K — 1) yields
—cl
JK(x,,LLN> - Zﬁ x,u,]\] MN 'I#N( )))
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Towards a performance estimate
Defining the optimal value function Vi (z) := inf, Jy(z, u),
the “trick” in all MPC proofs lies in relating Vy and Vi

In economic MPC, the desired inequality is
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Using this mequallty for v = x,,(0),...,2,,(K — 1) yields
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Towards a performance estimate
Defining the optimal value function Vi (z) := inf, Jy(z, u),
the “trick” in all MPC proofs lies in relating Vy and Vi

In economic MPC, the desired inequality is

VN(ZL’) S VN_l(ZE) + E(Ie, uc) +¢€

= L, v (@) + V1 (f (@, pv (2))) < Vivoa (@) 4002, ) +e
Using this inequality for v = x,,(0),...,2,,(K — 1) yields

Tic(z, un) = me i (@ ()
n=0

< %(VN—l(%N(O)) — Vo1 (zpy (K))) + £(2f,uf) + €

= ?Zi(x,;w) = limsupjil((;c,uN) < f(l’e,ue) +e
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Towards a performance estimate

Similarly, estimates for the non averaged .J§' can be obtained
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Towards a performance estimate

Similarly, estimates for the non averaged .J§' can be obtained

Hence, the desired inequality is
Vn(z) < Vy_i(z) + (2% u’) + ¢

for a small e > 0
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Towards a performance estimate
Similarly, estimates for the non averaged .J§' can be obtained
Hence, the desired inequality is

Vn(z) < Vy_i(z) + (2% u’) + ¢
for a small € > 0

In order to obtain this inequality, one

@ takes an optimal trajectory corresponding to Vi _;(z)
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Towards a performance estimate
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Hence, the desired inequality is
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for a small e > 0

In order to obtain this inequality, one
@ takes an optimal trajectory corresponding to Vi _;(z)

@ prolongs this trajectory such that its value increases by no
more than /(z¢ u®) + ¢
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@ uses the resulting Jy(z,u) as an upper bound for Vi (x)
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Towards a performance estimate

Similarly, estimates for the non averaged .J§' can be obtained

Hence, the desired inequality is

Vi(z) < V_i(z) + 0(a%u®) + ¢
for a small € > 0

In order to obtain this inequality, one
@ takes an optimal trajectory corresponding to Vi _;(z)

@ prolongs this trajectory such that its value increases by no
more than /(z¢ u®) + ¢

@ uses the resulting Jy(z,u) as an upper bound for Vi (x)

This can be achieved by prolonging the trajectory close to =°
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Prolonging near x°
Sketch of the idea:
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Assumptions needed for this construction

What do we need to make this construction work? [Gr. '13]
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Assumptions needed for this construction

What do we need to make this construction work? [Gr. '13]

(1) Continuity of Viy near x¢ (uniform in x and V)

> ensures that we can prolong the trajectory in the middle
without changing the value of the tail too much
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> ensures that we can prolong the trajectory in the middle
without changing the value of the tail too much

(2) Turnpike property

» ensures that the finite horizon optimal trajectories stay
for a certain time near the optimal equilibrium z¢

» note: in numerical examples we often observe
exponential turnpike, i.e., the minimum distance to x°
shrinks exponentially fast as IV increases
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Assumptions needed for this construction

What do we need to make this construction work? [Gr. '13]

(1) Continuity of Viy near x¢ (uniform in x and V)
> ensures that we can prolong the trajectory in the middle
without changing the value of the tail too much
(2) Turnpike property
» ensures that the finite horizon optimal trajectories stay
for a certain time near the optimal equilibrium z¢
» note: in numerical examples we often observe

exponential turnpike, i.e., the minimum distance to x°
shrinks exponentially fast as IV increases

Instead of the turnpike property, in the MPC literature another
property is usually imposed: strict dissipativity
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Strict dissipativity [Willems '72]

The optimal control problem is called strictly dissipative if
there exists A\ : X — R bounded from below and o € K, with

Oz, u) = (2%, u®) +A(2) = A(f (2, 1) = afllz—2°])

forallz e X, uec U
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Strict dissipativity [Willems '72]

The optimal control problem is called strictly dissipative if
there exists A\ : X — R bounded from below and o € K, with

Uz, u) =Lz, u) =Lz u®)+Ax) = A(f(z,u)) > a]|z—z)

forallz e X, uec U
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Strict dissipativity [Willems '72]

The optimal control problem is called strictly dissipative if
there exists A\ : X — R bounded from below and o € K, with

U, u) = ) — 0", 1)+ A (0) = A(f(2,0)) = ale—a*]))
forall z e X, uelU

While originally introduced as a sufficient condition
guaranteeing the turnpike property, a recent result shows:

Theorem [Gr./Miiller '16]: Under suitable controllability
conditions, strict dissipativity is equivalent to a robust turnpike
property plus optimality of the equilibrium (z¢, u9)
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The optimal control problem is called strictly dissipative if
there exists A\ : X — R bounded from below and o € K, with

U, u) = ) — 0", 1)+ A (0) = A(f(2,0)) = ale—a*]))
forall z € X, uelU
While originally introduced as a sufficient condition

guaranteeing the turnpike property, a recent result shows:

Theorem [Gr./Miiller '16]: Under suitable controllability
conditions, strict dissipativity is equivalent to a robust turnpike
property plus optimality of the equilibrium (z¢, u9)

The previous example is strictly dissipative with \(x) = —22/2
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Strict dissipativity [Willems '72]

The optimal control problem is called strictly dissipative if
there exists A\ : X — R bounded from below and o € K, with

Ux,u) =0z, u) =02 u®)+Nx) = A f(z,u) > a||lz—2°)
forall z € X, uelU
While originally introduced as a sufficient condition

guaranteeing the turnpike property, a recent result shows:

Theorem [Gr./Miiller '16]: Under suitable controllability
conditions, strict dissipativity is equivalent to a robust turnpike
property plus optimality of the equilibrium (z¢, u9)

The previous example is strictly dissipative with \(x) = —22/2

Stabilizing functionals are strictly dissipative with A = 0
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Economic MPC theorem

Theorem: [Gr./Stieler '14]

Let f and ¢ be Lipschitz, X and U be compact and assume
(i) local controllability near ¢

(i) strict dissipativity

(iii) reachability of z¢ from all z € X
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Let f and ¢ be Lipschitz, X and U be compact and assume
(i) local controllability near ¢

(ii

) strict dissipativity
(iii) reachability of z¢ from all z € X
)

(iv) polynomial growth conditions for /
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Economic MPC theorem

Theorem: [Gr./Stieler '14]

Let f and ¢ be Lipschitz, X and U be compact and assume
(i) local controllability near ¢
(ii

) }:> uniform continuity of Vy
(iii) reachability of z¢ from all z € X
)

strict dissipativity

(iv) polynomial growth conditions for /
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(iii) reachability of z¢ from all z € X
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Economic MPC theorem

Theorem: [Gr./Stieler '14]

Let f and ¢ be Lipschitz, X and U be compact and assume
(i) local controllability near xe}
(ii

) = uniform continuity of Vy
(iii) reachability of z¢ from all z € X
)

strict dissipativity
}:> turnpike property

(iv) polynomial growth conditions for /

(i)=(iv) = exponential turnpike
[Damm/Gr. /Stieler/Worthmann '14]
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Economic MPC theorem

Theorem: [Gr./Stieler '14]
Let f and ¢ be Lipschitz, X and U be compact and assume
(i) local controllability near xe}

(ii

) = uniform continuity of Vy
(iii) reachability of z¢ from all z € X
)

strict dissipativity
}:> turnpike property

(iv) polynomial growth conditions for /

(i)=(iv) = exponential turnpike

[Damm/Gr. /Stieler/Worthmann '14]

(for alternative conditions see also [Porretta/Zuazua '13]
[Trelat/Zuazua '14])
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Economic MPC theorem
Under assumptions (i)—(iii), there exist £1(/NV),eo(K) — 0 as
N — oo and K — oo, exponentially fast if additionally (iv)
holds, such that the following properties hold
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Economic MPC theorem
Under assumptions (i)—(iii), there exist £1(/NV),eo(K) — 0 as
N — 0o and K — oo, exponentially fast if additionally (iv)
holds, such that the following properties hold

(1) Approximate average optimality:

cl

J (2, ) < 0(2fuf) + 21 (N)
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Economic MPC theorem
Under assumptions (i)—(iii), there exist £1(/NV),eo(K) — 0 as
N — 0o and K — oo, exponentially fast if additionally (iv)
holds, such that the following properties hold

(1) Approximate average optimality:

722(@;@;) < l(x°u) +e1(N)
(2) Practical asymptotic stability: there is § € KL:

|2y (K, x) — 2°|| < B(||lx — 2°||, k) +e1(N) forall k € N
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Economic MPC theorem
Under assumptions (i)—(iii), there exist £1(/NV),eo(K) — 0 as
N — 0o and K — oo, exponentially fast if additionally (iv)
holds, such that the following properties hold

(1) Approximate average optimality:

cl

J (2, ) < 0(2fuf) + 21 (N)
(2) Practical asymptotic stability: there is § € KL:
|2y (K, x) — 2°|| < B(||lx — 2°||, k) +e1(N) forall k € N
(3) Approximate transient optimality: for all X' € N:
Jic(a, pn (@) < T (2, u) + Kei(N) + e2(K)

for all admissible u with ||z, (K, z) — 2| < B(||z — z¢||, K) + &1(N)
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lllustration of (2) and (3)
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lllustration of (2) and (3)

(2): x,,(n) converges to the 1 (N )-ball around z*
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lllustration of (2) and (3)

(2): x,,(n) converges to the 1 (N )-ball around z*

(3): cost of reaching the ball at time K is
higher than that of x,, (n) up to the error Kc(N) + e5(K)
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Economic MPC with terminal conditions

Like in stabilizing MPC, terminal conditions can be defined

\y UNIVERSITAT
BAYREUTH Lars Griine, Nonlinear Model Predictive Control, p. 98



Economic MPC with terminal conditions

Like in stabilizing MPC, terminal conditions can be defined

The assumptions on the terminal constraint and cost are —
somewhat surprisingly — identical to the stabilizing case

[Amrit/Angeli/Rawlings '12]
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Economic MPC with terminal conditions

Like in stabilizing MPC, terminal conditions can be defined

The assumptions on the terminal constraint and cost are —
somewhat surprisingly — identical to the stabilizing case
[Amrit/Angeli/Rawlings '12]

We illustrate the effect of terminal condition for the previous
example with the simplest choice of the terminal constraints

XO = {Ie}
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Example with terminal conditions
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Example with terminal conditions
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Example with terminal conditions

Example: |z
N =5
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Example with terminal conditions
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Example with terminal conditions
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Example with terminal conditions

Example: |c
N =5
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Example with terminal conditions

Example: |c
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Example with terminal conditions

Example:
N =5

______________________________________
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Example with terminal conditions

Example:
N =5
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Example with terminal conditions
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Example with terminal conditions

Example:
N =5
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Example with terminal conditions
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]

Under strict dissipativity and controllability, the resulting MPC
scheme vyields averaged optimal trajectories
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]
Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

—cl

J oo (@, un) < Lz u®) + e1(N)
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]

Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

ji(a:,/w) < 0(x°,uf) +ZpAE
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]

Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

ji((l?;/LN) < l(2°,u®) + AT

for which z¢ is asymptotically stable
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]
Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

ji(a:,/w) < 0(x°,uf) +ZpAE
for which z¢ is asymptotically stable, i.e.,

[y (K, 2) — 2| < B(llz — 2°[|, k) + e2(N).
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]

Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

Too(@, ) < 0(a,u®) + 2ok
for which z¢ is asymptotically stable, i.e.,

[y (K, ) — 2l < B(llw — ||, k) + =oAL
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]
Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

Too(@, ) < 0(a,u®) + 2ok
for which z¢ is asymptotically stable, i.e.,

[y (K, ) — 2l < B(llw — ||, k) + =oAL
In addition [Gr./Panin '15] we get approx. transient optimality

T i (@) < Jic(,u) + K £1(N) + 25(K)
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Schemes with terminal constraints
Imposing terminal conditions improves the previous results

Theorem: [Angeli/Amrit/Rawlings '12; Diehl/Rawlings '11]
Under strict dissipativity and controllability, the resulting MPC
scheme yields averaged optimal trajectories, i.e,

Too(@, ) < 0(a,u®) + 2ok
for which z¢ is asymptotically stable, i.e.,

[y (K, ) — 2l < B(llw — ||, k) + =oAL
In addition [Gr./Panin '15] we get approx. transient optimality

T i (@) < Jic(ar,u) +KE (N) + 25(K)
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Example: closed loop cost
Tic(w, pn(2)) < Jx(z,u) + Key(N) + ea(K)

e an(@) < Jk(@u) + E(N) + ea(K)
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Example: closed loop cost

T2, pv () < (o) + Key(N) + 25(K)
e an(@) < Jk(@u) + E(N) + ea(K)

U
e

i
1
Lo ]
i
8.5r * - * -no terminal conditions
—e—terminal conditions
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K
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Example: closed loop cost

T, e (@) < Tl w) + Koy (V) + e3(K)
e (@) < Jk(@w) + & (N) + es(K)

i
1
Lo ]
i
8.5r * - * -no terminal conditions
—e—terminal conditions

0 5 10 15 20 25
K

But: terminal constraints can cause infeasibility and severe
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Extensions, further results

@ In the affine linear quadratic case our conditions are
equivalent to the system being stabilizable [Gr./Stieler '14]
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Extensions, further results

@ In the affine linear quadratic case our conditions are
equivalent to the system being stabilizable [Gr./Stieler '14]

@ The optimal equilibrium can be replaced by an optimal
periodic orbit [Zanon/Gr. '16, Miiller/Gr. '16]
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Extensions, further results

@ In the affine linear quadratic case our conditions are
equivalent to the system being stabilizable [Gr./Stieler '14]

@ The optimal equilibrium can be replaced by an optimal
periodic orbit [Zanon/Gr. '16, Miiller/Gr. '16]

@ The results can be formulated directly in continuous time
[Faulwasser/Bonvin '15, Alessandretti/Aguiar/Jones '15]
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Extensions, further results

@ In the affine linear quadratic case our conditions are
equivalent to the system being stabilizable [Gr./Stieler '14]

@ The optimal equilibrium can be replaced by an optimal
periodic orbit [Zanon/Gr. '16, Miiller/Gr. '16]

@ The results can be formulated directly in continuous time
[Faulwasser/Bonvin '15, Alessandretti/Aguiar/Jones '15]

o First results for time varying systems are available
[Zanon/Gros/Diehl '13, Alessandretti/Aguiar/Jones '15]
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Extensions, further results

@ In the affine linear quadratic case our conditions are
equivalent to the system being stabilizable [Gr./Stieler '14]

@ The optimal equilibrium can be replaced by an optimal
periodic orbit [Zanon/Gr. '16, Miiller/Gr. '16]

@ The results can be formulated directly in continuous time
[Faulwasser/Bonvin '15, Alessandretti/Aguiar/Jones '15]

o First results for time varying systems are available
[Zanon/Gros/Diehl '13, Alessandretti/Aguiar/Jones '15]

@ First results for discounted optimal control problems
[Gr./Semmler/Stieler '15, Gr./Kellett/Weller '16]
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Summary of Section (5)

@ Model predictive control works not only for stabilizing
problems
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Summary of Section (5)

@ Model predictive control works not only for stabilizing
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@ The turnpike property can be used as a replacement for
positive definiteness of /
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Summary of Section (5)

@ Model predictive control works not only for stabilizing
problems

@ The turnpike property can be used as a replacement for
positive definiteness of /

@ Strict dissipativity is essentially equivalent to this property
and may be used as a checkable condition
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Summary of Section (5)

@ Model predictive control works not only for stabilizing
problems

@ The turnpike property can be used as a replacement for
positive definiteness of /

@ Strict dissipativity is essentially equivalent to this property
and may be used as a checkable condition

@ The required uniform continuity may pose a problem for
control systems governed by PDEs ~~ work in progress
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