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Why Model Predictive Control?

Model Predictive Control (MPC) “[...] is the only advanced control technique—that is, more ad-
vanced than standard PID control—to have had a significant and widespread impact on industrial
process control.”
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Model Predictive Control — Main Idea ﬂ(“. Historic origins ﬂ(".
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Predictive control for nonlinear systems

Model predictive control = repeated optimal control Lee and Markus, Foundations of Optimal Control Theory, 1967, p. 423:

[In] attempting to synthesize a feedback optimizing control structure, our main objective is to

1. State measurement :v(t) att € N < 3 One technique for obtaining a feedback controller synthesis from knowledge of open-loop con- 5
S é trollers is to measure the current control process state and then compute very rapidly for the §

2. Solve  ~n-1 £ open-loop control function. The_ is then _ £

min > £z (k[t), u(k|t) + Vi (z(N]t)) g g

u(l) =3 Z interval, after which a new measurement of the process state is made and a new open-loop control =

3 € £

Subecits £ function is computed for this new measurement. The procedure is then repeated. e

z(k +1[t) = f(x(klt), u(k]t)), k=0,...,N—1 8 &

2(0]t) = (1) 2

0 _ N £ , .. . £

(2 (kle), ulklt)) " € X xT, S A g Main objective of control design 8

t a(N[t) € Xp 8 g
$ e Morari, Arkun, Stephanopoulos, Studies in the synthesis of control structures for chemical 2

t t+1 tHRM 41+ N 2 2
8 processes: Part I. AIChE Journal, 1980, pp. 220-232: 8

5 5
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translate the economic objective into process control objectives.
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Classical tracking NMPC
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Control task (e.g. stabilization / setpoint tracking)
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NMPC controller . State estimation
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Setpoints

Main idea of economic MPC
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Performance specification
(i.e. cost function)
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Figure taken from:
Engell, Sebastian. "Feedback control for optimal process operation." Journal of Process Control 17.3 (2007): 203-219.
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Revisiting stabilizing NMPC

Economic MPC with terminal constraints
* Optimal operation at steady state Matthias Miiller
* Stability using dissipativity and terminal constraints

Economic MPC without terminal constraints
¢ Dissipativity and turnpike properties Timm Faulwasser
e Recursive feasibility and stability

Economic MPC without dissipativity
*  Llyapunov-based EMPC Lars Griine
¢ Multi-objective EMPC

Advanced topics and open problems Lars Griine
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In terms of notation, presentation and examples, the workshop mostly follows along the lines of:
Faulwasser, T.; Griine, L. & Miiller, M. Economic Nonlinear Model Predictive Control: Stability, Optimality and
Performance. Foundations and Trends in Systems and Control, 2018.
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NMPC in discrete and continuous time

Discrete-Time NMPC

¥

2. Solve discrete-time OCP 2. Solve OCP
N-1
min > £((klt), ulk|®)) + Vi (a(NIt) min
; = subject to
subject to o
a(k+11t) = f(2(k[t), u(klt), 2(0]t) = =(t) %1

(e(k[t), u(k|D)T € Xx U
.’E(Nlt) € Xy

b

Considered control problem

Setpoint Stabilization

e Reference = setpoint 2z, € X C R"=

e Constraint satisfaction: V¢t € N : u(t) € U and z(t;zo, u(-)) € X

e Stability: Ve > 0 36 > 0 such that

|2(0) —as]| > = |zt zo,u(-)| <e VE>0

’ _’-:|'x

Sampled-Data Continuous-Time NMPC

T2

/0 Ua(rit), u(rlt)dr + Vi(a(L]0)

= Jflzlmlt)s ultrlt)s
(2(7]8),w(|t))T e Xx U

z(0ft) = =(tx)
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Model Predictive Control — Main idea
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Model predictive control = repeated optimal control

u(t)

Notation

¥

2. Solve N-1

1 min 7 £ (K, u(k|D) + Vy(a(N]0)
| =)
(i~ subject to
| z(k+1[t) = f(a(klt),ulk]t), k=0,...,N-1
Il i 2(0[t) = (1)
il I (z(k[t), u(klt)T € X x U, k=0,...,N—1
: > ¢ 2(N|t) € Xf
G t+ N ¥

e State trajectory predicted at time ¢: x(:[t)

e Input trajectory predicted at time ¢: u(-|t)
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Main ingredients for design of tracking NMPC ﬂ(“l Closed-loop system

Karfsruhe Insttute of Technology Karlsruhe Insttute of Techrology

Discrete-Time NMPC Ingredients 5 Discrete-Time NMPC 5

» System model: [ :R" x R"™ — R"= 2 E

' = State constraints: X C R"= 5 ]

1. State measurement z(t) att € N 1. State measurement x(¢) att € N 2

3 = |nput constraints: U C R"™« :g 3 %

2. Solve discrete-time OCP = State feedback / state estimate z(t) g 2. Solve discrete-time OCP g
N—1 N—-1

i Y Lla(klt), uklt) + Vi (@(N]t)) —+ Assumed to be exactly known. 5 ) e Rl el ) 5

k=0 S k=0 8

subject to % subject to o

. PN Ty T a a

eSO = Stage cost £:R™ xR™ =R : a(k +110) = f(a(klt), u(k|t),  (0]t) = 2(2) :

(a(klt), u(k]t))T € X x U » Terminal penalty V; : R™ — R H (@(k]e), u(klD) " € X x U xt = f(z,pn(z)) s

2(N[t) € Xy 2 z(N|t) € Xy e

= Terminal constraint Xy C X C R"» 2 =

— To be designed/chosen! £ S

113 1.14

Recursive feasibility ﬂ("- Comparison functions N\
Considered NMPC scheme o L= {'y : Ry — R |7 continuous and decreasing with ILm g} = 0}
N-1 s—00

't?(lll?) Z £z (klt), u(k|t)) + Vi(z(N|t)) o K :={a:Ry — R |« continuous and strictly increasing with a(0) = 0}
k=0
subject to (1) * Ko :={a € K|a unbounded}

w(k +1]t) = f(ax(klt), u(klt)), (0[t) = (1)
(:(:(k:|t),u(klt))T eXxU
z(N|t) € X¢

o KL:={B8:R} xR} = RY|B(- k) € K, B(r,") € L}

701,02

Definition (Recursive feasibility).
Let X, C X denote a set of initial conditions 2:(0) = o for which OCP (1) admits a feasible solution. OCP (1) is
said to be recursively feasible with respect to X, if for all z(0) = zq € X the inclusion

f(@o, (o)) € Xo

holds.
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Kellett, C. A compendium of comparison function results. Mathematics of Control, Signals, and Systems, Springer, 2014, 26,
339-374
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Main assumptions for stabilizing NMPC with terminal constraints

Considered NMPC scheme
N-1

min > L(z(k|t), u(k[t)) + Vi(z(N|t))
uCl) =

subject to

w(k +1]t) = f(z(klt), u(klt), =(0ft) = z(t)
(x(klt),u(k|t) T € X x U
z(N|t) € Xy

Assumption 1 (Lower boundedness of /).

The stage cost satisfies £(0,0) = 0. Furthermore, there exists a; € K, such that forall (z,u) € X x U

ar([lzl]) < £z, ).

Assumption 2 (Local bound on the cost-to-go).
For all - € Xy, there exist an input uw = () € Us.t. f(x, (7)) € Xy holds and

Vi (f(a my @) + 0o, 5 () < V(o).

Furthermore, V¢(0) = 0 and Vy(z) > 0 for all = € Xy.

Blue print for NMPC stability proofs with terminal constraints

e Step 1: Recursive teasibility: append terminal control law

) _ (wrk+1t), k=0,...,N—2
i {Hf(x*(mt)), k=N-_1

No plant-model mismatch:

= ot +1) = fla(t),w*(1]t) = 2*(1]t)
- z*(N|t) € X;

Assumption 2:

= f@(N]t), kp(a*(N]t) € Xy

(1)
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Stability of NMPC with terminal constraints A\‘(IT

Karlsruhe Institute of Technology

Theorem (Stability of tracking NMPC with terminal constraints).
Let Assumptions 1 and 2 hold. Suppose that 0 € int(X) and that there exists a3 € K, such that, for all
z € Xy, Vi(z) < as(||z])).

Then the closed-loop system z+ = f(z, ux(x)) arising from the NMPC scheme has the following properties:
1. If OCP (1) is feasible for t = 0, then it is feasible for all ¢t € N.
2. The origin = 0 is an asymptotically stable equilibrium of 2™ = f(xz, puy (2)).

3. The region of attraction of x = 0 is given by the set of all initial conditions x( for which OCP (1) is feasible.

References
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Blue print for NMPC stability proofs with terminal constraints

e Step 2: Consider the optimal value function as a Lyapunov function

— Optimal value function V : R — Rg
N-1

Vi (z(t)) := Z (™ (K|t), w* (k[t)) + V(2™ (N]t))
k=0

- Performance of feasible input u(-|t + 1) applied at (¢t + 1) = 2*(1]¢)

N-1
In(z(t+1),u(-t+1)):= Z Lkt +1),u(klt + 1)) + Vi(z(N]t + 1))
k=0

- Decrease of Vi (2)?

Vn(z(t+1)) — Vn(z(t)) < In(z+1),u(-|t +1)) — Vy(z(t))

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller
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Blue print for NMPC stability proofs with terminal constraints A\‘(IT
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e Step 2: Consider the optimal value function as a Lyapunov function

- Optimal value function Vy : R"* — ]Rg

N-1

Vn(z(t))

i

k=0

> (kft), u* (k[t) + Ve(z*(N]t)

- Performance of feasible input u(-|t + 1) applied at x(t + 1) = 2*(1|¢)

N-1

In(@(t+ 1) u(lt+1)) = > £x(k
k=0

- Decrease of Vi (x)?

t+1),u(klt+1))+ Vi(z(N[t+1))

Vn(z(t+ 1)) — Vn(z(t)) < In(z(t + 1), u(-|t + 1)) — Va(a(t))

In (@1, u(-[t4+1))=Vi(2(t)) < —en(|le@ )+ (NE), 15 (2" (N]E) + Vi (f (" (NE), k7 (" (N|E))) = Vi(2"(N]E)

= Vn(z(t+1)) = Vn(z(t) < —ar(Jz0)])

What changes in economic NMPC?

Tracking NMPC

* QObjective: solve control task

e Stability with & without terminal
constraints/penalties

e Stagecost(: R"» x R" — R

e Terminal penalty Vy : R"* — Rgr
 Terminal constraint Xy C X C R"=
e Prediction horizon N € N

— To be designed/chosen!

Assumption2 <0

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miller
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Economic NMPC
» QObjective: optimize performance; i.e.
(o)

min > 0(x(t),u(t)) st ...
u() &

o Stability?

Stage cost £ is given

Terminal penalty V; : R"s — Rg'

Terminal constraint Xy € X C R"=

Prediction horizon N € N

— To be designed/chosen!

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miiller
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Tracking NMPC without terminal constraints?

. Replace V¢ (x) by scaled terminal penalty 5V (x).

IT
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Limon, D.; Alamo, T.; Salas, F. & Camacho, E. F. On the stability of constrained MPC without terminal constraint. IEEE Trans. Au-

tomat. Contr., 2006, 51, 832-836

. Use a control Lyapunov function as terminal penalty.

Jadbabaie, A.; Yu, J. & Hauser, J. Unconstrained receding-horizon control of nonlinear systems. |EEE Trans. Automat. Contr., 2001,

46,776-783

. Use a sufficiently long prediction horizon.

Jadbabaie, A. & Hauser, J. On the stability of receding horizon control with a general terminal cost. IEEE Trans. Automat. Contr.,

2005, 50, 674-678

. Consider so-called cost-controllability conditions.

Griine, L. & Pannek, J. Nonlinear Model Predictive Control: Theory and Algorithms. Springer Verlag, 2011

Motivating Examples

KIT
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Example — Van de Vusse reactor

Van de Vusse reactor Al pH C, 245 p
Dynamics (partial model)

¢a =ralca,9) + (cin — ca)ur

¢p =rp(ca,cp,Y) — cpuy

J = h(ca,cp, ) + alug — 9) + (Din — )ur,

ra(ca,?) = ki(d)ca 2k (19)03\
rlca,cp, ) = ki(9)ca —ka(d)ep
)

hica,cz,¥) = —ﬂ(lﬁ (0)caAHAp + ko(V)czAHpe + Zkz(ﬁ)CAAHAD>

; - .
ki(9) = M'JCXP%)-{'%’ i=1,2,8:

Constraints

ca €0, G]T‘ cp €0, ]% 9 € [70,150]°C
Uy € [3’35]E Uy € [07 O]

Objective = maximize produced amount of B

"
Jr(zo,u(-)) = /0 —Bep(t)ul (t)dt, B>0

7’7}7!,7 Cin
=V
Ug = U(‘

IT

Karlsruhe Insitute of Techrology

#7CAycB:CC7CD

RothfuB, R.; Rudolph, J. & Zeitz, M. Flatness based control of a nonlinear chemical reactor model. Automatica, 1996, 32, 1433-

1439

Example — Reactor with parallel reaction

e Chemical reaction: R— P, R—F»

Karlsrahe Insitute of Techrology

» States: r; & concentration of R, 29 = concentration of Py, 23 =~ dimensionless temperature

* Input: u = heat flux through cooling jacket

* Constraints: U = [0.049, 0.449], X = R} x RT x R}

* Dynamics

Ii‘l :1—7'1(5['1,173)—1'1

Zi,'gzu—l'g

e r:R2 5 Randry: R2 — R:

1 _0.55 -
ri(xy,a3) = 104:rlc =3 | 400z1c 73 and ro(zq,23) = 10%?6 wg

e Stagecost {(x) = —a

i-) = Tg(ftl, Ig) — &Ly

Bailey, J.; Horn, F. & Lin, R. Cyclic operation of reaction systems: Effects of heat and mass transfer resistance. AIChE Journal,

Wiley Online Library, 1971, 17, 818-825
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Example — Van de Vusse reactor

State x,
22

21
= 19¢*
<X 18
A

1.6
I’

State X,

15
0
trl

x5 ]

1.15
0

® I = 01Ca, T2 = 020k, T3 = 03V

e Discretized with Runge-Kutta 8(7), N

Example — Reactor with parallel reaction

0.05 0.1 0.15

= 20, sampling rate § = 0.0033

State x, State x,

a7 016

06 0.14

0.5 012

— 04 -

< 03 < 008

02 0.06

01 0.04

Q 0.02

0 5 10 15 20 10 15 20
tl] tH]
Sy Input u

0.18 0.5

0.16 i
0.14

0.3

= 012 =

0.2
01

0.08 0.1

0.06 0

5 10 15 20 10 15 20
tH thl

¢ Discretized with Runge-Kutta 5(4), V

= 50, sampling rate 6 = 0.1
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Economic model predictive control:
state of the art and open problems

Timm Faulwasser, Lars Griine, Matthias A. Miiller

Pre-conference workshop CDC 2017

Optimal steady-state operation

Definition - optimal operation at steady-state

@ Optimal steady-state: (xs,us) =  arg min  ¢(x, u)
x€X,uelU,x=f(x,u)

@ A system is optimally operated at steady-state if for each feasible state
and input sequences x(-) and u(+) the following holds:

lim inf Tz_:l w > U(xs, us).

steady-states

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control

Optimal steady-state operation

Definition - Dissipativity [willems 72, Byrnes & Lin '94]
A system is strictly dissipative with respect to the supply rate s if there exists
a storage function A : X — R>q such that for all x € X and u € U it holds that

A(F(x, 1)) — A(x) < s(x,u) — ae(||(x — x5, u — ws)|]), oy € Koo

Dissipativity and optimal steady-state operation

additional controllability condition
[Miiller, Angeli,Allgdwer '15]

N

Optimal operation Dissipativity w.r.t. supply rate
at steady-state s(x, u) = U(x, u) — £(xs, us)

[Angeli,Amrit,Rawlings '12]

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control

Optimal steady-state operation

Theorem [Angeli, Amrit,Rawlings '12]

A system is optimally operated at steady-state if it is dissipative with respect to
the supply rate s(x, u) = £(x, u) — £(xs, us).

Sketch of proof: By dissipativity, we have

0< lim <
T—o0 T T—o0 T
ISE?  Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control




Optimal steady-state operation Q Optimal steady-state operation

Definitions

Theorem [willems '72]
@ X): set of states which can be controlled to xs in N steps

A system is dissipative with respect to the supply rate s if and only if the

available storage S, is bounded for all x. Moreover, S, is a possible storage @ Rn: set of states which can be reached from x; in N steps

function. @ Zp: set of state/input pairs which are part of a feasible trajectory staying
T_1 inside Xy N Ry
Sa(x) = ?u;) pord —s(z(k), v(k)) (1) Theorem [Miiller, Angeli, Allgwer '15]
"°’=f;(i§fv+(?))=€f§§§§}’”"‘” Suppose that a system is optimally operated at steady-state. Then it is
dissipative on Zy with supply rate s(x, u) := 4(x, u) — £(xs, us) for each N > 0.
Sketch of proof (by contradiction):
@ For each r > 0, there exist sequences with
T —1
— R D okio Lxr(k), ur (k) < —r.
@ Can steer the system to x; and from there to xp
in N steps at a time.
’ o We have 372V (x,(k), u,(k)) < 0.
9 = lim infTﬁoo 22—2701 Mfﬁ(k» <0
@ This contradicts optimal steady-state operation.
W iSto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. 1.5 W iSto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. 1.6
Optimal steady-state operation Q Stability using terminal constraints Q

o o If steady-state operation is optimal, does closed-loop system converge to xs?
Definition - Dissipativity [willems 72, Byrnes & Lin '94]

A system is dissipative with respect to the supply rate s if there exists a N—1
storage function ) : X — Rxg such that for all x € X and v € U it holds that Wn(x(t)) := n(wl‘n) L(x(k|t), u(k|t))
u(-|t
k=0
A(F(x, 1)) — AM(x) < s(x, u). subject to
x(k +1|t) = f(x(k|t), u(k|t)), k=0,...,N—1
Dissipativity and optimal steady-state operation x(0[t) = x(t)
additional controllability condition (x(k|t), u(k|t))T €XxU, k=0,...,N—-1
[Miiller, Angeli, Aligéwer '15] x(N|t) = xs

N

. . . Remark: Can be extended to framework including terminal region and cost.
Optimal operation Dissipativity w.r.t. supply rate

at steady-state s(x, u) = U(x, u) — £(xs, us)

[Angeli,Amrit,Rawlings '12]

e |St° Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. 1.7 W Isto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. 11.8



Stability using terminal constraints

Theorem [Angeli,Amrit,Rawlings '12]
Assume
@ strict dissipativity w.r.t. supply rate s(x, u) = £(x, u) — £(xs, us),
@ Vj and ) are continuous at xs.
Then x;s is an asymptotically stable equilibrium of the resulting closed-loop
system.
@ Main idea for stability proof in stabilizing MPC: use optimal value function
as Lyapunov function

Viv(x(t +1)) = Vin(x(1)) < —£(x(t), u(t)) + £xs, us) < —a([lx(t) = xs])

@ In economic MPC: second inequality not satisfied!

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control

Stability using terminal constraints

Theorem [Angeli, Amrit,Rawlings '12]

Assume
@ strict dissipativity w.r.t. supply rate s(x, u) = £(x, u) — £(xs, us),
@ Vi and X are continuous at xs.

Then xs is an asymptotically stable equilibrium of the resulting closed-loop
system.

@ Define rotated cost function
U(x, u) = £(x, u) = £(xs, us) + A(x) — A(f(x, u))
o If system is strictly dissipative: £(x, u) > ae(]|x — xs|)

Original optimization problem

V() = min >~ (0x(KI2),u(k|0)

s.t. x(0[t) = x(t), x(k + 1|t) = f(x(k|t), u(k|t)), k=0,...,N—1
(x(k|t),u(k|t))T e XxU, k=0,....,N—1, x(N|t)=x

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control

Stability using terminal constraints

Theorem [Angeli, Amrit,Rawlings '12]
Assume

o strict dissipativity w.r.t. supply rate s(x, u) = (x, u) — £(xs, us),

@ Vp and X are continuous at xs.
Then x; is an asymptotically stable equilibrium of the resulting closed-loop
system.

@ Define rotated cost function

U(x,u) = 0(x, u) — £(xs, us) + A(x) — A(F(x, u))

o If system is strictly dissipative: #(x, u) > a(]|x — xs|)

Modified optimization problem

=

= Fx(kl1), u(k|D))

Vin(x(t)) = )

»
Il

sit. x(0]t) = x(t), x(k+1|t) = f(x(k|t), u(k|t)), k=0,...,N—1
(x(k|t),u(k|t))T €e Xx U, k=0,...,N—1, x(N|t) = xs

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control

Stability using terminal constraints

Theorem [Angeli, Amrit,Rawlings '12]
Assume

@ strict dissipativity w.r.t. supply rate s(x, u) = #(x, u) — £(xs, us),

9@ Vp and X are continuous at xs.
Then xs is an asymptotically stable equilibrium of the resulting closed-loop
system.

@ Define rotated cost function

U(x,u) = 0(x, u) — £(xs, us) + A(x) — M(F(x, u))

o If system is strictly dissipative: #(x, u) > a(]|x — xs||)

@ Key step: original and modified optimization problem have same solution

@ Can use Vy as Lyapunov function:

Va(x(t + 1)) = Va(x()) < —(x(t), u(t)) < —ae(lIx(t) - x]))

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control




Example - chemical reactor with dissipativity

A

Van de Vusse reactor:

@ Reactions A L> B £> C and 2A £> D, with A: reactant, B: desired
product, C, D: waste products

¢a = ra(ca,¥) + (cin — ca)n

éB = I‘B(CA, CB,19) — Cglh
¥ = h(ca, cs,9) + a(uz — 9) + (Fin — 9wy,
ABCD
. temperature in the reactor, ui: normalized flow rate of A, ws:
temperature in cooling jacket
@ Control objective: maximize production rate of B — £(x,u) = —cgwn

@ System is strictly dissipative w.r.t. supply rate s(x, u) = €(x, u) — #(xs, us)

g |Sto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control
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Example - chemical reactor with dissipativity

A

State X, State X,
2.2
21 1.15
2 11
— 19 .
-, =, 105
x 18 x
17 1
16 0.95
15 0.9
0 0.05 0.15 0 0.1 0.15
t[-] t[-]
State X5 Input u,
2
1.35
15
13 —_
L NN
Xm DN .
1.25
0.5
12
1.15 0
0 0.05 0.15 0 0.1 0.15

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control
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Example - chemical reactor without dissipativity

0

Continuous flow stirred-tank reactor with parallel reactions

@ Reactions R — P; and R — P», with R: reactant, P;: desired product,
P,: waste product

reactant R

s =1— 1027 — 400xe %%/ — x
104x12e_1/x3 — X

)'(3IU7X3

X2

R, Py, P,
H—

x1: concentration of R, x»: concentration of P;, x3: temperature in the
reactor, u: proportional to heat flux through cooling jacket

@ Control objective: maximize product P1 — 4(x,u) = —x2

‘K ISt Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control

Example - chemical reactor without dissipativity

State X,
0.7

State x,,

0.6
0.5

=
< 03
0.2
0.1

0 5 10
tl-]
State Xy
0.18

10 15 20
t-]

Input u

0.16
0.14

T
;‘n 0.12
0.1

0.08

0.4

0.3

ul-]

0.2

0.1

0.06
0
t]

o

10 15 20
t-]

p. 1112
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Example - chemical reactor without dissipativity

A

Optimal periodic orbit length: T* ~ 11.444
1 T
o T S

subject to  x(0) =x(T), T €]5,20].

—xo(7)dT

State X, State X,

08 02

06 015
T T

. 04 <, 01
% <

02 005

o o

o 2 4 6 8 10 o 2 4 6 8 10
t-] trH]
State x, Inputu

02 05

015 04

- _o03

L o1 z
* 02
005
01
0 0
o 2 4 6 8 10 o 2 4 8 10

6
t[-] trl

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control
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Example - chemical reactor without dissipativity

A

Recovering steady-state optimality through regularization:

Ux,u) = —xo +w(u—us)’, w>0

State X, State X,
05 0.14
0.4 . 0.12
— 03 — 01
L L
=< B
0.2 0.08
0.1 L~ 0.06
0 0.04
0 5 10 15 20 0 5 10 15 20
t[-] t-]
State Xg Input u
0.18 0.5
0.16 0.4
0.14
03
L T
- 0.12 =
0.2
0.1 -
008 01
0.06 0
5 10 15 20 0 5 10 15 20

W |Sto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control
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Asymptotic average and transient performance

0

What can be said about closed-loop performance?

@ Infinite horizon averaged performance:
—l . _
T2 (0, in) 1= limsupy_ o 2 ST 0 £(0x(e), un(x(1)))
Theorem [Angeli, Amrit,Rawlings '12]
—cl
Joo (0, i) < £(%s, us)

Sketch of proof:
o Vin(x(t+ 1)) = Va(x(t)) < —£(x(t), u(£)) + £, us)
@ lterate this inequality, divide by T and take liminf

Remark: This bound is valid independent of dissipativity.

Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control
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Asymptotic average and transient performance

What can be said about closed-loop performance?
@ Infinite horizon non-averaged performance:
J% (x0, ) = limsupr_, oo 32550 (x (), o (x(1)))
@ Finite horizon non-averaged performance:
I7 (%0, ) = 30550 0(x(2), v (x (1))

@ Assumption: Strict dissipativity plus technical (continuity) assumptions
on storage and optimal value function.
= Closed loop satisfies ||x(t) — xs|| < B(||x0 — xs]|, t) with § € KL.

@ Define UZ(XO) = {u € U | u admissible and ||x( T, x0, u) — xs|| < K}

Theorem [Griine & Panin '15]
The following performance bounds hold:
o JL (x0, un) < Vioo(x0) + 3(N) with § € £
o JS(x0, pn) < inf,cur, 700, u) + 81(N) + 32(T) with
k= B(|]|x — x|, T) and 61,6, € L

W |St° Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control
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Turnpike Properties

Example — Optimal fish harvest (bilinear objective)

"
1;51(11)1 /0 az(t) + bu(t) — cx(t)u(t)dt

subject to
j?zx(l's—x—u%
u(t) € [OvumazL«T(t) (S (0,00)

State = fish density

5

4

Karlsruhe Institute of Technology

SKIT

“+ »f Technology

Contour F-(z,u)
(7,1,

Control = fishing rate

%= 075, T~1
o X =175.T =09

0 02 04 08 08 1
t

Cliff, E. & Vincent, T. An optimal policy for a fish harvest. Journal of Optimization Theory and Applications, 1973, 12,

485-496

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miller
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Example — Optimal fish harvest

T
151(11)1 /0 az(t) + bu(t) — cx(t)u(t)dt

subject to
t=z(zs—z—u), z(0)==zo
u(t) € [0, umaal, z(t) € (0,00)

x fish density

u fishing rate

e g=Lb=c=2Unan=>5

Example — Optimal fish harvest (quadratic objective)

T
m(ir)l / Lq(a(t) — xe)? + r(u(t) — uc)?dt
wl- 0

subject to
z(0) = zo
u(t) € [0, Umaz), 2(t) € (0,00)

Umaz = 5,5 =5

& =z(rs —x —u),

q=10,r =1, 2¢c =4,uc =5

State = fish density

o

w

~

o

-

—_—

0
0
-
0
0

|

B Contour F(x,u)

Karlsruhe Institute of Technology

s = 5 highest sustainable fish density

KIT

“ = >f Technology

=35T=28
=45T=27
=55,T=26

2 3 4 5
x[-]

Control = fishing rate

5
5
=25T-29
4 - = =x,=35T=28
4
[ = XS - Xy=45,T=27)
W ——%,=55,T=2§
3 ok 3
= by
x s !
2 2
%=15T=3
%=25,T=29| "
1
3 - = =x=35T=28
- xa=45,Tx27
——x,=55T=26 o
0 05 1 5 2 25 3 0 05 1 2 25 3

1
tH
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T

(('

T 5
lll(h)l / Lq(z(t) —xc)? + 3r(u(t) — uc)?dt
ul - 0

subject to 3
. 1‘(.’[5 LT u)’ T(O) = g FY , @& Contour Flx,u)
u(t) € [0, Umaz], (t) € (0,00) J

Umaz = 5,T5 =5
q=10,7r =1, 2¢c = 2.75,uc = 2.25

('

- Similar behavior for different initial conditions and horizon lengths.

(( [l r\. |
-> Similarity properties of solutions of parametric OCPs.

Ihm |

2 3

State = fish density Control = fishing rate

=057T=3
=15T=29

=45T=26

» Turnpike property!

Turnpike properties in OCPs

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miller
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Proposition (Turnpike in OCP (2)).
Let Assumptions 3 and 4 hold, and suppose that the storage function X is bounded on X. Then there exists
C < o0, such that, for all g € X, we have

C
ag(s)

where Q. := {k €{0,...,N — 1} | |[(«*(k; x0), u* (k; 20)) — (x5, us)|| < e}, #Q. is the cardinality of Q.—
i.e., the amount of time an optimal pair spends inside an e-ball centered at (x5, us)—, and oy € K is from
the dissipation inequality on slide I1.3.

i

|/

#Q. > N —

"

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miiller
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Assumptions for economic NMPC without terminal constraints
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Considered OCP

N—1

min S £(z(k|t), u(k|t)
ullt) &=

subject to (2)
w(k + 1) = f(z(klt), u(k]), z(0]t) = z(t)
(z(k|t), u(k]t)T € X x U

Assumption 3 (Strict dissipativity of OCP (2)).
There exists a bounded non-negative storage function A : X — ]Ra' such that OCP (2) is strictly dissipative with
respect to (s, us) € int (X x U) in the sense of the Definition on slide 11.3.

Assumption 4 (Exponential reachability of ).
For all zy € X, there exists an infinite-horizon admissible input u(-; zo), ¢ > 0, p € [0, 1), such that

1 (k; w0, u(; 20)), ulk; 20)) — (ws, us)|| < co®,

i.e. the steady state z is exponentially reachable.

Turnpike properties in OCPs

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller
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Proof sketch
¢ Vn(zg) is the optimal value function of OCP (2).
o lzs,us) =0
e The strict dissipation inequality implies

N-1
Viv(20) 2 Ma* (N, a0)) = A(wo) + Y aue(l|(2* (k; wo), u* (k5 20)) — (s, us)])

= k=0
> —2) :=sup |A(z)|
zeX

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller
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Turnpike properties in OCPs

Proof sketch
¢ Vn(z) is the optimal value function of OCP (2).
o lzs,us) =0
¢ The strict dissipation inequality implies

N-1
Viv(0) 2 A@* (N, 20)) — A(@o) + D ae(ll(@* (s wo), u* (ks 20)) — (s, us)l)

= k=0
> —2)\ = sup |A(x)]
zeX

L
e Exp. reachability implies: Vi (zp) < il L
—p

N—

o ) aelll(@" (ks o), u” (k5 20)) = (25, us)|) = (N — #Qe)aue(e)
k=0

—

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miller
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Practical Stability without Terminal Constraints

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miiller
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Relation of dissipativity and turnpike properties

Under suitable technical assumptions, additional relations (black arrows) can be
established:

The system 2t = f(x,u) is strictly
dissipative w.r.t. to (zs,us).

The system z* = f(x,u) is optimally operated
at (Zays)-

4mmmmm  OCP (2) has a turnpike at (2, u,).

- Turnpike and dissipativity properties of OCPs are essentially, i.e.almost, equivalent.

References

¢ Faulwasser et al. On Turnpike and Dissipativity Properties of Continuous-Time Optimal Control Problems. Automatica,
2017, 81, 297-304

e Griine, L. & Miiller, M. On the relation between strict dissipativity and turnpike properties. Sys. Contr. Lett., 2016, 90, 45 -
53
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Recursive feasibility

Assumption 5 (Local controllability around (s, us)).
The Jacobian linearization of z™ = f(z,u) at (x4, us) is n,-step reachable.

Proposition (Recursive feasibility of OCP (2)).
Let Assumptions 3-5 hold. Then, there exists a finite horizon N € N such that, for all 2y € X,
OCP (2) is recursively feasible.

Faulwasser, T. & Bonvin, D. On the Design of Economic NMPC based on an Exact Turnpike Property. 9th IFAC International
Symposium on Advanced Control of Chemical Processes, 2015

Faulwasser, T. & Bonvin, D. On the Design of Economic NMPC based on Approximate Turnpike Properties. 54th IEEE Conference
on Decision and Control, 2015, 4964 - 4970
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Recursive feasibility

Proof sketch

¢ The turnpike property of OCP (2) implies that, for any ¢ > 0, there exists a finite NV such that k1, k2, with
k1 + 2n, < ko < N, suchthat 2§ = a*(k1;20) € Be(z5) and 25 := 2*(ko; x9) € Be(ws).

Recap — Rotated OCP

¢ Rotated sage cost

Uz,u) = L(z,u) — Uz, us) + M) — M f(z,u))

¢ Rotated OCP

N-1
Vi (2(t)) == min > U (klt), u(k[t))
k=0
subject to

a(k +1[t) = f(z(klt), u(klt)),

2(0[t) = =(t)
(z(k|t), u(k|t))T € X x U

AT

Karlsruhe Institute of Technology
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Recursive feasibility A“(IT
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Proof sketch (cont’d)

* Controllability of the linearization at (x5, u,) guarantees existence of uj »(-) close to (x,u) such that

E(ngyal,as(a))) =2, and &lngE.,u5(-3)) = 55
z(k; 27, ui(29) € X, w(ks 25, u5(;25)) € X,

e Consider
w*(k + 1;20) hi=0mua; k1 —2
) _Jui(k;ag) k=& — L ki —1+n,
B{ksm) = ug (ks 5) k=k+ng,..., ki—142n; °
u*(k; o) b=k =231 N -1

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller
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Stability of economic NMPC without terminal constraints A\‘(IT
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Theorem (Practical stability of economic NMPC with terminal constraints).
Let Assumptions 3-5 hold and suppose that X is compact. Then, for sufficiently large horizon N € N the closed-
loop system x™ = f(x, un(z)) satisfies:

(i) If, for the horizon N € N, OCP (2) is feasible for t = 0 and z:(0) € X, then it is feasible for all k € N.

(i) There exist p € R and 3 € KL such that, for all z(0) € X, the closed-loop trajectories generated by
T = f(x, un(2)) satisfy
2(t) — 2l < max{B(||lzo — x|, £), p}-

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller
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Stability of economic NMPC without terminal constraints

Theorem (Practical stability of economic NMPC with terminal constraints).
Let Assumptions 3-5 hold and suppose that X is compact. Then, for sufficiently large horizon N € N the closed-
loop system x™ = f(x, un(z)) satisfies:

(i) If, for the horizon N € N, OCP (2) is feasible for t = 0 and z(0) € X, then it is feasible for all k € N.

(ii) There exist p € R and 8 € KL such that, for all 2(0) € X, the closed-loop trajectories generated by
ot = f(x, un(x)) satisfy
l2(t) = zsll < max{B([lxo — s, t). p}-

(iii) If additionally

(a) there exist vy € K such that foreach N € Nand all z € X HZ\;(JJ) — ‘2\-(15)| <vp(lle — ),
(b) and the storage function A is continuous at 2z = x,

then (ii) holds with p = p(IN') where p(N) — 0 for N — .

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miller
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Proof sketch

Part (i): already shown.

Part (ii): w.l.o.g. I(zs,us) =0
« Consider shifted value function V() := A(x) + Viv(z) — Vv ()

¢ Decrease condition:

Vn(a(t +1)) = Vn(a(t)) < Ma(t + 1)) + In(a(t + 1), u(-[t + 1) = Vv (zs) = Vv ((2))

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Miiller
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Stability of economic NMPC without terminal constraints

Theorem (Practical stability of economic NMPC with terminal constraints).
Let Assumptions 3-5 hold and suppose that X is compact. Then, for sufficiently large horizon N € N the closed-
loop system o™ = f(x, ux(z)) satisfies:

(i) If, for the horizon N € N, OCP (2) is feasible for t = 0 and z(0) € X, then it is feasible for all & € N.

(i) There exist p € RT and B € KL such that, for all 2(0) € X, the closed-loop trajectories generated by
2t = f(x, un(x)) satisfy
[2(t) = zsll < max{B([lzo — xsl|, £), p}-

(iii) If additionally
(a) there exist vy € K such that for each N € Nand all € X |Viy(z) — Viy (2)] < ¥ ([l — z|),
(b) and the storage function A is continuous at z = x5,

then (i) holds with p = p(IN') where p(N) — 0 for N — 0.

Griine, L. Economic receding horizon control without terminal constraints. Automatica , 2013, 49, 725-734

Griine, L. & Stieler, M. Asymptotic stability and transient optimality of economic MPC without terminal conditions. Journal of
Process Control, 2014, 24, 1187-1196

Faulwasser, T. & Bonvin, D. On the Design of Economic NMPC based on Approximate Turnpike Properties. 54th IEEE Conference
on Decision and Control, 2015, 4964 - 4970
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Proof sketch
Part (i) (cont’d):

© AW =AMa(t+1)) — Ax(t) — £(z(t), u* (0]t))
ki—1

+ Z Okt + 1), u(k|t + 1)) — Z O(x* (k|t), u* (|t))

1—1+2n, k171+2nm
+ ) Uakt+ 1) ulklt 1) = DT e (k]E), wr (Klt)
k=k, k=ki1+1

N-1 N-1
+ > ekt + D), ulklt+1) = Y L (klt), ut (Klt)
k=k1+2n, k=k1+2n,

J‘]))

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller

i
S)



Proof sketch

Part (i) (cont’d):

* AQR) = Aa(t+ 1)) — Ma(t) — £(=z(t), w (0t)) 3
ki—1 =

+ Y Ca(klt+ 1), u(klt+ 1) - Z O (k[t), w* (K[t))

k=0 2

k1—14+2n, k1—1+2n£ é

+ > U@kt 1) uklt+ 1) = > et (klt), ur (k) E

k=k1 k=k1+1 5

N—1 N-1 >

+ Y laklt+ ) uklt+ 1)) = D (k) ut (k]E) £
k=k1+2n, k=ki1+2n, u8_1

ki —142n, ki—142n, §
ST Ua(klt+ ), uklt+1))— D € (k) u (k) < L@k [t+1), u(kilt+1))+2ns Lec(e) < (2ng+1)Lec(e) 8
k=ky k=k1+1 _g
:

= Vn((t+1) = V(1) < A®t) < —ae(||z(t) — ) + (2ng + 1) Lec(e) £

AT

Karlsruhe Institute of Technology
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Proof sketch A“( T
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Part (iii):

Lemma (Relation between 17N and Vy).

Let Assumptions 3-5 hold. Moreover,
1. let there exist 7 € K such that for each N € Nand all 2 € X, [Viv(z) — V()| < Tz — ),
2. and let the storage function A be continuous at z = .

Then 5
Vn(z) =

(2 = zsll) +w

Vn(z) + A(z) —
(N),veKweL

Vn(zs) + R(z,N)
with |R(z, N

= Vn(@t+1) - V() < —ag(||lz(t) — z4]) + w(N) withw € £

Griine, L. & Pannek, J. Nonlinear Model Predictive Control: Theory and Algorithms. Springer Verlag, 2017
Griine, L. & Stieler, M. Asymptotic stability and transient optimality of economic MPC without terminal conditions. Journal of
Process Control, 2014, 24, 1187-1196

Pre-Conference Workshop 56th CDC | Economic MPC | Faulwasser, Griine, Mller

Example — Van de Vusse reactor (revisited)
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Van de Vusse reactor

Dynamics (partial model) Dins Cin
éA:TA(CA,ﬂ)+(Cin—CA)U1 uy :V
¢ =rg(ca,cp,¥) — cpuy uy =9,
= h(cA7cB719) + a(ug —9) + (Qin — DN,
ralea,d) = —ki(V)ca — 2k3(9)
rp(ca,c,9) = 7\1('))01 —ka(9)en
h(ca,cp,0) = —O(kl( )[AAHAB + ko (9)ecpAHpe +27€3(ﬁ)CQAAHAD) A8 B3C
K@) = hgep-—t i=1,2,3. 243 D

z}+0

Constraints

ca € [0,6] 22
uy € [3,35]5

636[0,4]%01 197CA$CBTCCacD

us € [0,200]°C.

¥ € [70,150]°C

Objective = maximize produced amount of B

/ —Bep(t)ur(t)dt

RothfuB, R.; Rudolph, J. & Zeitz, M. Flatness based control of a nonlinear chemical reactor model. Automatica, 1996, 32, 1433-
1439

B8>0

Jr(xo, U(
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Example — Van de Vusse reactor (revisited)

State x, State x,
22
21 1.15
2 e 1.1

— 19 o - - - N=5 - ‘~
L m—N=20| = 1051 | S g
x 18 x

17 PR - - - "

- - -N=5
16 ,' 0.95 — =20
15 0.9 i
0 0.05 0.1 0.15 0 0.05 0.1 0.15

t[-] t-]

* T] = 01Ca, T2 = 02Cp, T3 = 03V

e Discretized with Runge-Kutta 8(7), N = 20, sampling rate § = 0.0033

AT

Karlsruhe Institute of Technology
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Example — Van de Vusse reactor (revisited)

Karlsruhe Institute of Technology

Distance of EMPC equilibrinm to optimal equilibrium
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* As predicted by the last theorem, for increasing horizon NV, the closed-loop system converges to smaller 8
neighborhoods of the turnpike z, L
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EMPC without strict dissipativity Generalized terminal constraints

It may happen that

e EMPC with equilibrium terminal constraints = (¢|N) =

In this section we discuss a selection of schemes which use
is too restrictive / numerically infeasible

relaxed terminal conditions or yield stability without imposing

strict dissipativity @ the terminal cost V/; for EMPC with regional terminal
constraints z(¢| V) € X is too difficult to compute

Outline

. . : In these cases, other types of constraints may be useful
@ Generalized terminal constraints

|dea: Require that x(¢|V) is an equilibrium, but not
necessarily equal to x,
[Fagiano/Teel '13, Miiller/Angeli/Allgower '13,
Ferramosca/Limon/Camacho '14]
(based on earlier ideas from stabilizing MPC)

@ Lyapunov-based approach

@ Multi-objective approach

UNIVERSITAT |) UNIVERSITAT
& BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.3 BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.4



Scheme with generalized terminal constraints

min 3 ol u(H0) + BN, u(N )
subject to -
zk+1t) = f(x(klt),u(klt)), k=0,...,N—1
z(0]t) = x(t)
(z(klt),u(k|t)” € XxTU, k=0,...,N
(N = V], u(NI),
Lx(Nt),u(Nt) < &(t),

where k(t + 1) = L(z(N|t), u(N|t)), x(0) “large”, £ >0
@ Always end in an equilibrium that is at least as good as

the previous one
@ A large [ provides incentive to select a good equilibrium

UNIVERSITAT
BAYREUTH
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Properties
Using this [ and the assumption that from each steady state
(z,u) a better steady state (2/,u), i.e.,
(2" u') < max{l(z,us), l(z,u) — €}
can be reached in IV steps, [Fagiano/Teel '13] propose an
EMPC scheme which eventually reaches /(x, uy) up to &

Problems:
@ The scheme discards recent optimization results if the
terminal equilibrium value does not improve
@ The appropriate [ may be difficult to find

The second point can be addressed by the adaptive choice
Bt +1) = B(B(¢), x(t), x(t)), L(0) =05 =0

where (3 increases as long as the terminal equilibrium value can
be improved [Miiller/Angeli/Allgower '13f]

UNIVERSITAT
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Properties

Theorem [Fagiano/Teel '13] Given £ > 0, there exists () > 0
such that

Ua*(NE), w*(N|t)) < buin(z(t)) + &

where (i, (x(%)) is the cost of the best equilibrium that is

reach

Probl

UNIVERSITAT
BAYREUTH

able from initial condition x(¢) in N steps

em: (i, may be significantly larger than ¢(z, u)

Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.6

Discussion

Discussion of generalized equilibrium terminal constraints

@ Averaged performance is bounded by “eventual” terminal
equilibrium

No transient performance estimates known
(problem: influence of [3)

@ Asymptotic stability of the optimal steady state can be
shown under additional (so far still rather restrictive)

UNIVERSITAT
BAYREUTH

conditions, including strict dissipativity
[Ferramosca/Limon/Camacho '14]

Results can be extended to generalized regional terminal

constraints [Miiller/Angeli/Allgower '14] and to periodic

constraints [Limon/Pereira/Mufioz de la Pefia/Alamo/
Grosso '14, Houska/Miiller '17]

Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.8



Lyapunov based EMPC

Lyapunov based EMPC combines the goals of stabilizing and
economic MPC

@ stabilize a given set 0 (2 = {x,} or a larger set)

@ while at the same time minimizing an economic objective
The algorithmic ideas described in the next slides go back to
[Heidarinejad/Liu/Christofides '12]

They rely on the knowledge of a stabilizing controller and a
corresponding Lyapunov function for the system

UNIVERSITAT
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Setting

The set () to be stabilized is given as a level set of the
Lyapunov function W, i.e.,

Q:={z eR"|W(z) < p}

for fixed p > 0

Note: p = 0 implies 2 = {z,}, i.e., stabilization of the optimal
equilibrium is included as a special case

UNIVERSITAT
& BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.11

Lyapunov function
Let z, € X be an equilibrium with open neighborhood O

Let h: O — U a controller with f(z,h(x)) € O for all z € O

W O — R is a Lyapunov function with respect to / if there
are v, (i, g € K such that for all z € O we have

ar(|z — xs]) < W(x) < as(|r — asl)
and
W(f(x, h(x))) < W(x) — as(|lz — )
Note: decrease of IV ensures asymptotic stability of any level
set Q:={z e R"|W(zx) <p}, p>0, for a™ = f(z, h(z))

Idea: impose decrease of I/ as additional constraint in the
EMPC scheme, until €2 is reached

UNIVERSITAT
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Lyapunov based EMPC scheme

=

-1

min > (a(kle) ulk)

subject to -
z(k+1t) = f(z(klt),u(k|t), k=0,...,N—1
z(0]t) = z(t)
(x(klt),u(klt))” € XxTU, k=0,...,N
W(z(1ft)) < W(f(z(t), h(x(®)) i W(z(t)) >p
W(z(k|t)) < p, k=0,....,N if W(x(t)) <p

Idea: enforce decrease of IV until €) is reached, afterwards
remain in € by ensuring W (z(k[t)) < p

UNIVERSITAT
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Properties Discussion
Discussion of Lyapunov-based EMPC
Theorem: The Lyapunov-based EMPC scheme has the @ Theorem does not require strict dissipativity
following properties for all 2(0) € O and p = W (z(0)) @ No performance estimates known so far, except average

. . . . f i =
(i) The scheme is recursively feasible and Per ormar?ce ”,1 clase .p. ! :
W (a(t)) < max{p, 5} for all t > 0 @ Under strict dissipativity, other performance estimates

could possibly be achieved (open question!)

.. . T - > T
(i) If p > 0 then there is ¢t > 0 with z(t) € Q for all ¢t > ¢ o Many variants available, see the monograph

[Ellis/Liu/Christofides, Economic Model Predictive Control,
Springer '17]

Note: It is also possible to change p with time (already present o Main bottleneck: knowledge of W and h required for

in the original reference [Heidarinejad/Liu/Christofides '12])

(iii) If p =0 then z(t) — x5 as t — oo

implementation

The next EMPC variant fixes the last problem

UNIVERSITAT |) UNIVERSITAT
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Multiobjective EMPC

Goal: make the closed loop trajectory converge to x, while
minimizing the economic cost

Multiobjective EMPC: stabilizing subproblem

. : N-1
Lyapunov-based EMPC with p = 0 solves this problem min J‘*’t“b(x(t),u(-]t)) _ Z E‘*’t“b(x(k:\t), u(k|D))
The main problem of Lyapunov-based EMPC is the required uCle) k=0
knowledge of a stabilizing controller i and a corresponding subject to
Lyapunov function 1/ z(k + 1[¢) f(z(k[t), u(klt)), k=0,....,N—1
Multiobjective EMPC [Zavala '15] avoids this problem by z(0]t) x(t)
computing i and W via stabilizing MPC with terminal (z(k[t), u(k|t))" X x U, k=0,...,N—1
conditions =(N|t) .

In each step, two optimal control problems — one with the
economic objective and one with a stabilizing objective — are
solved and suitably combined

We start by explaining the stabilizing problem

UNIVERSITAT
& BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.15

with 75190 (z  u,) = 0, (5" (2,u) > 0 otherwise

(z(N|t) = zs could be replaced by regional constraint + terminal cost)

UNIVERSITAT
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Lyapunov function property
Define V' (x(¢)) = inf,j J"*(x(t), u(-]t))

Then, under standard assumptions on the stabilizing MPC
scheme, there is oy € K, such that for each admissible
control sequence u the inequality

VI (f(a(t),4(0)) < T (2(t), @) — aa(|a(t) — z)
holds
Thus, for any o € (0, 1) there is an admissible control @ with
THR(f((8), 2(0)), @) < J*(w(t), @) — (1 - o)au(|2(t) — z,)

~ J* can serve as a Lyapunov function constraint in the
economic subproblem of the EMPC scheme

UNIVERSITAT
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Multiobjective EMPC: Example

We illustrate the role of o by the chemical reactor without

dissipativity
1 = 1—ri(z1,23) — 14
To = T2($1, 1‘%) — X2
T3 = U— X3

with

_1 _0.55 1
ri(z1, 23) = 10*22e” 75 +400x1e” =5 , 71o(w1,x3) = 10*zie” o
x1 = concentration of source material R

o = concentration of desired product P,

xr3 = dimensionless temperature of the mixture in the reactor
1 = heat flux through the cooling jacket

Constraints: z; > 0,7 = 1,2,3 and u € [0.049, 0.449]

Objective: maximize P, i.e. the integral over L(z,u) = —x5

UNIVERSITAT
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Multiobjective EMPC: economic subproblem

i 3 Aa(hl0), u(0)
subject to -
z(k+1t) = f(z(klt),u(k|t), k=0,...,N—1
z(0t) = =(f)
(z(klt),u(k]t)T € XxTU, k=0,....,N
T a(t),u(lt) < (L=o)V(x(t))

+oJ(p(t — 1), u*(-|t = 1)), t>1
for o € [0,1)
s JHO(p(t 1), u (E+ 1)) < T (2(t), u(]t))
— (1 = o)au(|z(t) — )

~ o determines the speed of convergence
UNIVERSITAT
m BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.18

Multiobjective EMPC: Example

As seen before: the optimal trajectories are not constant
~~ no optimal equilibrium ~~ not strictly dissipative

State x, State x,

0.7 0.16
0.6 0.14
05 0.12
T 0.4 T 0.1
= ~
< 03 < 0.08
0.2 0.06
0.1 0.04
0 0.02
0 5 10 15 20 0 5 10 15 20
t-] t-]
State Xy Input u
0.18 0.5
0.16 0.4
0.14
- 03
L L
5 012 > s
0.1 ’
0.08 01
0.06 0
0 5 10 15 20 0 5 10 15 20
tl-] t[-]
Standard EMPC
|) UNIVERSITAT
BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.20



Multiobjective EMPC: Example

State x, State x,,
0.5 0.14
0.4 0.12
— 03 — 01
- “
* 02 > 0.08
0.1 0.06
0 0.04
0 2 4 6 8 10 0 2 4 6 8 10
th] th]
State X3 Input u
0.18 05
0.16 04
0.14
= _o3
T 012 =
P =1
* 0.2
0.1
0.1
0.08 n
0.06 0
0 2 4 6 8 10 0 2 4 6 8 10

t[]

t[]

Multiobjective EMPC with o = 0.99

UNIVERSITAT
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In all simulations £5%9°(x, u) = |z — 4|* + |u — ug)?

Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.21

Multiobjective EMPC: Example

State x, State x,,
03 0.12
0.25 0.11
. 02 . 01
- ~
* 015 > 0.09
0.1 0.08
0.05 0.07
0 2 4 6 8 10 0 2 4 6 8 10
t[] t[]
State x, Input u
0.18 05
0.16 0.4
— 014 _03
o =
* 012 0.2
0.1 0.1
0.08 0
0 2 4 6 8 10 0 2 4 6 8 10

t[]

t[]

Multiobjective EMPC with o = 0.5
_In all simulations 529 (x, u) = |z — zs]? + |u — u,|?
(L) sanes

Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.21
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Multiobjective EMPC: Example

0.3

0.25

0.16

0.14

0.12

0.1

=)

State x,
2 4 6 8
t[]
State x,
2 4 6 8

t[]

10

State x,

0.4

0.3

El
0.2
0.1 \/\

0

0 2 4 6 8 10
t[]

Multiobjective EMPC with o = 0.9
In all simulations £5%9%(x, u) = |z — 5|® + |u — ug|?

Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.21

Multiobjective EMPC: Properties
Theorem: Consider the Multiobjective EMPC scheme under
the usual stability assumptions for MPC with terminal
constraints. Then for all 2(0) € X the EMPC closed loop
solution x () converges to z, as t — oo

Idea of proof: The constraints enforce the inequality

T (@t + 1), w(Jt+1)) < (), wr(]))

yielding J*%®(z(t), u*(-|t)) — 0 as t — oo and thus z(t) — z

— (1= a)au(|z(t) — zs|)

Note: Asymptotic stability may not hold! This is due to the
fact that there is no upper bound on J*!*(:(0), u(-|0)). Thus,
the open loop optimal trajectory may move far away from z*
for 2(0) =~ z4; in fact even for z(0) = x;

UNIVERSITAT
BAYREUTH
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Multiobjective EMPC: Discussion

Discussion of Multiobjective MPC
@ Theorem does not require strict dissipativity

@ Average performance guaranteed, but no transient
performance estimates known

@ Under convexity assumptions, the (finite horizon) solution
can be interpreted as a Pareto optimum

@ Main drawback: two optimization problems need to be
solved in each time step

UNIVERSITAT
w BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.23

EMPC with | without terminal conditions

e Asymptotic stability =~ — yes | yes (practical)
@ Average performance — yes | yes (with error term)
@ Transient performance — yes | yes (with 7-dep. error)

@ Assumptions on the problem
— optimal operation at steady state | strict dissipativity
(for average performance)
— strict dissipativity (for asymptotic
stability and transient performance)

@ Ingredients of the algorithm
— optimal steady state | none
— terminal constraint set and cost

@ Remarks
— potentially small feasible set | recursive feasibility
only for suff. large NV
m ENXEE?”AT Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.25

Summary

We compare the EMPC-variants discussed so far with respect
to the following characteristics

@ Asymptotic stability

@ Average performance

@ Transient performance

as well as
@ Assumptions on the problem

@ Ingredients of the algorithm (functions, sets), other than
system dynamics [ and stage cost /

UNIVERSITAT
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EMPC with generalized terminal conditions

Asymptotic stability — yes

Average performance — yes (with error term)

Transient performance — no

Assumptions on the problem
— reachability of optimal steady state
(for average performance)
— strict dissipativity and other technical assumptions
(for asymptotic stability)

Ingredients of the algorithm
— hone

Remarks

— influence of 3 on transient performance unclear

UNIVERSITAT
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Lyapunov-based | Multiobjective EMPC

@ Asymptotic stability = — yes | only convergence
@ Average performance — yes | yes
@ Transient performance — unknown | unknown

@ Assumptions on the problem
— optimal operation | optimal operation
at steady state at steady state

@ Ingredients of the algorithm

— optimal steady state | optimal steady state
— controller with | terminal constraint set
Lyapunov function and cost
@ Remarks
— requires knowledge of | requires solution of two

Lyapunov function optimal control problems

UNIVERSITAT
w‘ BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. IV.27
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Remarks and Conclusion

@ All considered schemes guarantee (approximate) averaged
optimality under mild conditions on the problem structure

@ In the absense of an optimal steady state, the advantage
of EMPC over stabilizing MPC lies in its ability to find
better solutions than the equilibrium (e.g., periodic ones)

@ In the presence of an optimal steady state, average
optimality is a rather weak optimality concept, which is
moreover also satisfied by stabilizing MPC

@ In this case, the advantage of EMPC lies in the transient
performance. This has been confirmed in many
simulations, but rigorously proved only for basic schemes

@ So far, rigorous transient performance estimates have only
been achieved under strict dissipativity. Is this property
really necessary...?
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V. Advanced topics and open problems

Discounted optimal control problems

Discounted optimal control problems are of the form

min z_: Br(z(k), u(k))

ueld

with N € N or N = oo, with discount factor 5 € (0, 1)

For discounted optimal control, the averaged optimality does
not make sense, because for bounded /

I 1
Tgrolc T

2[%6(:]&*(/{)7“(;{)) —0

~ transient optimality is of interest

UNIVERSITAT
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Advanced topics and open problems

In this section we discuss a selection of schemes which go
beyond the previous setting. Particularly, we consider
discounted optimal control problems and problems which do
not exhibit an optimal equilibrium

Outline:
@ Discounted optimal control problems
@ Optimal control problems with periodic optimal solutions
@ Time-varying optimal control problems
@ Uncertain Systems (Matthias)

UNIVERSITAT
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Transient performance theorem

Consider discounted EMPC without terminal conditions

Theorem [Griine/Semmler/Stieler '15] If the discounted optimal
control problem has the turnpike property and the optimal
value function is continuous at x, uniformly in (3, then there is
0 € L with

Jeo(@o, o) < V(o) + -

Note: The [-dependence of the error term is the counterpart
of the T'-dependence in the non-discounted case

It is unknown whether this result also holds (or even improves)
with suitable terminal conditions

UNIVERSITAT
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Relation to dissipativity Discounted problems: example
We consider a classical economic growth model [Brock/Mirman '72]
Dissipativity concepts have been developed for discounted x(t+1)=u(t), l(r,u)=—In(Az® —u)

problems as well [Griine/Kellett/Weller '16, Trajectories for A =5, a = 0.34, 29 = 5, 8 = 0.95
Griine/Miiller CDC '17] ' ' '

5¢

The discounted strict dissipativity inequality reads 45

BA(f(z,u)) < ANz) + L(z,u) — Uz, us) — a||x — x4]|) 35

. o 2 o o o c . 2b X <
But: In general, discounted strict dissipativity only implies AU RN EURRERRY
. . . . 15F LI O e T O N U I ) ) S I O UL S N B C R SR S SR R U ¥
the turnplke property 'FOF 6 & [Galtsgory/Grune/Hoger/ \‘ \\v [T O T T T e A O N B R R O AR
) 1 {0 T VR VO S A TV A I T 5 A O U TN
Ke”ett/We”er 17] ‘\ ‘( \\ ‘\ ‘\ \\ ‘\ ‘\ ‘\ \\ ‘\ ‘\ \\ ‘\ ‘\ \\ ‘\ ‘\ ‘\ \\ ‘\ ‘\ \\ ‘\ ‘\ ‘\ \\ ‘\ ‘\ \\
0.5r L T o L o T O A E B B O
\‘Vl\\\‘\\\l\‘\l\\\‘\\\l\‘\l\\\‘l\\l‘
00 5 10 15 20 25 30 35
t
m UNIVERSITAT m UNIVERSITAT
BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. V.5 BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. V.6
Discounted problems: example Problems with time varying optimal operation
We consider a classical economic growth model [Brock/Mirman '72]
z(t+1)=u(t), {l(r,u)=—In(Az® —u) Our final two schemes concern problems without optimal
: . operation at steady states
JE (5, pun) — Vao(x), A=5, a = 0.34, 19 = 5, varying N and 3 P y
o ‘ ‘ ‘ ‘ ‘ ‘ ‘ Instead, the system is optimally operated at periodic or more
—Pp— b =0.8 . . o
e ben-oss general time varying solutions
o =——#— beta = 0.9
10 =—f— beta = 0.95 []
—é—bela=0%9 Here we distinguish two cases:
107 . . . . . . .
= @ Periodic optimal solutions generated by time invariant
j’" -
£ 10 dynamics f and cost /
z - @ Time varying (possibly periodic) solutions generated by
X time varying dynamics f and/or cost /
10° b J
Y We start with the first situation
10’10 N ,
2 3 4 5 6 7 8 9 10
N
m UNIVERSITAT m UNIVERSITAT
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Periodic optimal trajectories
We first consider a simple example showing that periodic
trajectories may be optimal even if f and / are time invariant

We choose X = U = {—1,0, 1} and dynamics and cost
indicated in the following figure

u=-—1

u=0
E(:L,u):l f(g;ﬂ],):l-’—g

The average cost of the steady state = = —1 is 1
The average cost of the periodic orbit (0,1,0,1,0,1,...)is 1 —¢
~~ the system is optimally operated at the periodic orbit

Will MPC “find" this orbit when starting in © = —17

UNIVERSITAT
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EMPC and periodic orbits

Remedy: In order to find an optimal p-periodic orbit
(Zoy ..., Zp-1), EMPC can be modified in two ways:

@ impose periodic terminal constraints, e.g., z(t|V) = @,
with ¢, =¢ mod p (regional constraints also possible)
[Angeli/Amrit/Rawlings '09ff, Zanon/Griine/Diehl '17]

@ use the periodic optimization horizon N, = N — 1,
[Miiller/Griine '16]

Note: The second approach without terminal conditions needs
no information about the periodic orbit except its period, but
— similar to the steady state case — yields weaker results

UNIVERSITAT
& BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. V.10

EMPC and periodic orbits

u=-—1

u=0
L(z,u)=1 L(zu)=1+e

{(z,u)=1—-2¢

We start in . = —1

If the horizon N is odd, the trajectory
(-=1,-1,0,1,0,1,...,0,1)

is optimal ~~ the closed loop system will stay in —1 forever

Conclusion: MPC does not necessarily find optimal periodic
orbits, even if N is arbitrarily large

UNIVERSITAT
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Periodic strict dissipativity

The formal results rely on a periodic variant of strict
dissipativity

)\k+1(f<ZC7U)) < )‘k(‘E) + ﬁ(x,u) - g(ik’/ &k> - 0($7 U)
fork=0,...,p—1, where A\, = X\
or on a strict dissipativity condition for the stacked system

o uo f(l'p—la UO)
, uPl = : o e ) = F(f(xp—1,u0),u1)

Tp—1 Up—1

P =

(the relation between these two conditions is still waiting to be
explored)

UNIVERSITAT
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Properties of periodic EMPC scheme EMPC for time varying problems
Theorem: (a) Under the periodic strict dissipativity condition
and suitable technical conditions (continuity), the optimal
periodic orbit is asymptotically stable for the EMPC scheme w(k+1) = f(k,x(k),u(k), 0k, z,u)
with periodic terminal constraints and averaged optimality
holds.

Consider a problem with time varying dynamics and stage cost

Obviously, the extension of the EMPC scheme is

the precise asymptotic stability property in (a) depends on the . ) i o
( (2) straightforward, at least without terminal conditions

form of the function o in the periodic strict dissipativity condition)

(b) Under the stacked strict dissipativity condition and suitable However, carrying over the previous results is nontrivial:

technical conditions (continuity), the closed loop of the EMPC @ what is the time varying counterpart of the optimal
scheme with periodic optimization horizon converges to the equilibrium / periodic orbit?
optimal periodic orbit and approximate averaged optimality o which kind of approximate infinite horizon optimal

holds

(in (b), asymptotic stability does not hold in general. This is due
to a strange feature of the periodic turnpike property)

performance can be expected?

We start by studying a simple example

UNIVERSITAT |) UNIVERSITAT
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Example problem Example: optimal trajectory

Prototype problem: Keep the temparature in a room in a
desired range with mimimal energy consumption for heating 2 ‘ ‘ T
and cooling "

Very simple 1d model:

r(n+1) = z(n) + u(n) + w(n) =
— SR S 2l

inside temperature  heating/cooling  outside temperature

with stage cost

((z,u) = u?

and time varying w(n) and desired temperature range X(n)

Time

UNIVERSITAT |) UNIVERSITAT
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Optimality concept MPC closed loop

In which infinite horizon sense can we expect that this
trajectory is (near) optimal? Clearly,

“minimize”  Joo(z,u) = Zﬁ(m(n),u(n))

u

n=0

is not meaningful, because the sum will not converge

Remedy: Overtaking Optimality [Gale '67] 5 0 m
2L A

A trajectory x* with control u* is called overtaking optimal if ‘ ‘ : ‘ ‘ ‘ ‘

0 10 20 30 40 50 60 70 80 90
K-1 K—1 Time
limsup | 3 €(n, 2*(n),u*(n)) = 3 €, zu(n), u(n)) | <0 N T AT o~
K—oo =0 =0 =0 \/\/—/\//\_/\'\
2L i
holds for all admissible trajectory-control pairs (z,, u) with 0 10 20 30 40 50 6 70 80 9
z,(0) = 2*(0) Time
W gw'\égs%”ﬂ Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. V.16 m SN\RIEE?”AT Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. V.17
MPC closed loop for different initial value MPC closed loop for different initial values

Time Time
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A generalized optimal equilibrium

Obviously, the closed loop trajectories converge to the black
limit trajectory. How can we characterize it?

Idea: generalize the definition of optimal operation at a steady
state to overtaking optimality:

We say that the system is optimally operated at a trajectory =
with control w if

lim sup (2 l(n,z(n),u(n)) — z_:ﬁ(n, wu(n),u(n))> <0

o0 n=0 n=0

holds for all admissible trajectory-control pairs (z,, u)

Note: this is similar to the definition of overtaking optimality,
but now x,(0) # z(0) is allowed

UNIVERSITAT
w BAYREUTH Timm Faulwasser, Lars Griine, and Matthias Miiller, Economic Model Predictive Control, p. V.20

Discussion of Main Result

@ the time varying turnpike property can be ensured by a
time varying strict dissipativity property

@ this strict dissipativity property, in turn, always holds
under suitable convexity assumptions (like in the steady
state case, but more technical)

@ the continuity property can be ensured by a controllability
assumption (also in the periodic results before)

@ probably the most important feature of the time varying
case: in the steady state and in the periodic case, the
optimal limit trajectories can be computed beforehand
In the time varying case there is in general no easy way
for this
Hence, the fact that EMPC finds this trajectory
“automatically” is of utmost importance

UNIVERSITAT
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Main Result

Theorem: [Griine/Pirkelmann CDC '17] Assume that a time
varying turnpike property and a continuity property hold. Then
there exists an error term 6(N) — 0 as N — oo with

7o
lim sup < Z U(n,z,y(n), iy (Tuy (1))
Ies n=0

_ ié(n,xu(n)m(n)) - T(S(N)) <0

for all admissible (z,,u) with z,(0) = z,,(0)

In other words: the MPC closed loop trajectory on {0,..., 7'}

is the initial piece of an overtaking optimal trajectory — up to
the error T6(N)

Note: The factor “T™ in the error term usually vanishes when
looking at the relative error

UNIVERSITAT
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Economic model predictive control:
state of the art and open problems

Timm Faulwasser, Lars Griine, Matthias A. Miller
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Economic MPC for uncertain systems

Economic MPC for uncertain systems

A

e Motivating example:

Cost

. 18t@
fiig;’;:ISt

Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control

« System subject to disturbances/uncertainties: x(r+ 1) = f (x(1), u(t), w(1))

p.VI.2

¢ Motivating example:

Cost

setting might result in bad performance!

ist®
wlist

Timm Faulwasser, Lars Griine, Matthias A. Mller, Economic Model Predictive Control

« System subject to disturbances/uncertainties: x(r+ 1) = f (x(t), u(z), w(1))

Conclusion: just transferring robust stabilizing MPC approaches to economic

p. V.2

Economic MPC for uncertain systems

—L

Min-max approach
- Use worst case

Averaging approach

- Use averaging

over all states information

e Which closed-loop guarantees can be given?

wlSt?

Timm Faulwasser, Lars Griine, Matthias A. Mdiller, Economic Model Predictive Control

e How can we incorporate/leverage the disturbance in the MPC setup?

Stochastic approach
- Use stochastic

p. VI3




Economic MPC for uncertain systems

Nominal System Error

zZ(t+ 1) = f(z(z),v(1),0) e(t) = x(r) — z(¢)

Robust control invariant (RCI) set
e() e = e(r+1)eQ, VYw(r)eW

Input parametrization

Use parametrization for the real input

u(t) = p(v(1), x(1), 2(1))

(v(z) input to the nominal system) to determine RCI set

Economic MPC for uncertain systems

Nominal System Error

2(r+1) = f(2(2), v(1), 0) e(t) = x(1) — z(1)

Robust control invariant (RCI) set

e() e = e(t+1)€Q, Vw()eW

u(0) = ¢(v(0),x(0),2(0))__

-
-

Q

@ iSto Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control p. V.4 gisto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. VI.4
Economic MPC for uncertain systems Economic MPC for uncertain systems
Pagt 4 Future Prediction horizon Idea min-max robust economic MPC
D S o Consider the worst case within the RCI set
"2 e Use modified stage cost function
Predicted states Zmax(Z7 v) — meaé E(Z +w, <,0(V,Z + w,Z))
l 1 Time
t | | TN
Main features:
noopr:ir:j,' input»_.j e All possible real states considered x(k|t) € {z(k|t)} ® Q
* Take real input into account u(k|r) = ¢ (v(k|t), x(k|t), z(k|r))
Idea:

o Take all possible states within invariant set into account

o Two different approaches:

—L

ist®

Timm Faulwasser, Lars Griine, Matthias A. Mller, Economic Model Predictive Control

p. VL5

— Cost of input to stay in RCI set

wlSt?

Timm Faulwasser, Lars Griine, Matthias A. Mdiller, Economic Model Predictive Control
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Economic MPC for uncertain systems

Optimization problem

N—

(Olt) V(t Z k|t)

st z(k+ 1)) = £(z(k|7), v(k|t), 0),
x(1) € {z(0]1)} @ Q,
(z(k0),v(kr)) " € Xx T, k=0,...,N—1,
Z(N|t) € Xy

(k1)) + Vi(z(N|1))

e Nominal dynamics only
o Free nominal initial state

o Suitably tightened constraint sets X, U, X

i (A)
wist

Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control

p. VL7

Economic MPC for uncertain systems

Optimization problem

N—1

min 370 (2(k]e), v(klr)) + Vi (2(N]1))

e Nor

e Fre

¢ Sui

i pmm~rm==k

ist?
gist

Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control
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Economic MPC for uncertain systems

Theorem Bayer, Mmiiler, Allgower 16]

Under standard assumptions (terminal region/cost, suitable constraint
tightening) and given initial feasibility, we have

recursive feasibility,
closed-loop constraint satisfaction,
infinite horizon averaged performance

. 1 = max
h;isip - ;E(x(t),u(t)) S CARV R

Optimal steady-state: (z',vy') = argmin
7=f(2,v,0),(z,v)EZ

Performance result for the real closed-loop system

gmax (Z, V)

Bound usually quite conservative

" Ist?

Timm Faulwasser, Lars Griine, Matthias A. Mller, Economic Model Predictive Control

p. VI8

Economic MPC for uncertain systems

Idea averaging-based robust economic MPC

o Instead of worst case, consider average over RCI set Q

o Use modified stage cost function

0"(z,v) = / £(z+w, p(v,z+w,z))dw
Q

wlSt?

Timm Faulwasser, Lars Griine, Matthias A. Mdiller, Economic Model Predictive Control

p. VI.9




Economic MPC for uncertain systems

Theorem [Bayer, Miller, Allgower "14]

Under standard assumptions (terminal region/cost, suitable constraint
tightening) and given initial feasibility, we have

e recursive feasibility,
o closed-loop constraint satisfaction,
infinite horizon averaged performance

. = ) .
11;nﬁs;1}p = ;é'm(z (0[2),v*(0]r)) < £™(22,v2).

Optimal steady state: (z3,v2) = argmin  £™(z,v)
z=f(z,v,0),(z,v) €Z
Interpretation: Average performance result for the real closed loop,

averaged over all possible disturbances

Economic MPC for uncertain systems

Can we improve performance using stochastic information?

Past 4 Future Prediction horizon

. ° o

Ut

>

} Predicted states

Idea:
¢ Predict evolution of probabilities
o Consider expected value in the optimization problem

E iSto Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control p. V.10 %isto Timm Faulwasser, Lars Griine, Matthias A. Miller, Economic Model Predictive Control p. VI.11
Economic MPC for uncertain systems Q Economic MPC for uncertain systems Q
* Use stage cost Conclusions
Kintzkt,vkt ::/Ezkt + e,Ke + v(k|t)) pa, (e)de
o (2(ke). v(kln) o (a(kle) < ))p () e Just transferring approaches from robust stabilizing MPC is not enough
=ELLGK) uk) (1) } « Different approaches to incorporate disturbances in economic MPC

Theorem [Bayer, Lorenzen, Miller, Allgéwer '16]
Under standard assumptions (terminal region/cost, suitable constraint I
tightening) and given initial feasibility, we have

e recursive feasibility, Min-max approach Averaging approach Stochastic approach

¢ closed-loop constraint satisfaction & Accounts for & Usually better @ Real distribution

o i ’ worst case than min-max & More complex
o infinite horizon averaged performance o Typically quite e Eonrappioxdiat ~ Resus on
i conservative real distribution lable yl'
) 1 . it available for linear
limsup — » " E {£(x(1),v"(0[£)) |[x(0)} < €% (2, vs) case
T— o0 T —0
o /M (2, v,) represents the expected average cost at the optimal
steady-state
W iSt° Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control p. VI.12 :ﬁ,isto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. VI.13




Economic MPC for uncertain systems Q Literature for Part VI Q

F. A. Bayer, M. Lorenzen, M. A. Miiller and F. Aligéwer, Robust economic
Model Predictive Control using stochastic information, Automatica 74,
pp. 151 - 161, 2016.

Conclusions

e Just transferring approaches from robust stabilizing MPC is not enough

. ) . ) . F. A. Bayer, M. A. Miller and F. Aligéwer, Tube-based robust economic model
» Different approaches to incorporate disturbances in economic MPC predictive control, Journal of Process Control 24(8), pp. 1237 - 1246, 2014.

—L

e Guaranteed average performance bounds for all approaches

F. A. Bayer, M. A. Muller and F. Aligéwer, Min-max Economic Model
Predictive Control Approaches with Guaranteed Performance, IEEE CDC,
pp. 3210 - 3215, 2016.

e The more information taken into account, the better the performance

e Picture much less complete than in nominal case: transient
performance, using no terminal constraints, classification of optimal
operating conditions, etc.

% ISto Timm Faulwasser, Lars Griine, Matthias A. Muller, Economic Model Predictive Control p. V.13 %Isto Timm Faulwasser, Lars Griine, Matthias A. Miiller, Economic Model Predictive Control p. V.14

Summary and wrap up Q

e Economic MPC: model predictive control using general performance
criterion

o Various different EMPC schemes available with different advantages and
disadvantages

o Basic case of optimal steady-state operation by now fairly well
understood, closed-loop performance and convergence guarantees
available

e Extensions to various settings (periodic optimal behavior, discounted
problems, time-varying problems, uncertain systems, ... ), but still many
open questions

Further information

T. Faulwasser, L. Griine, & M. A. Miller. Economic Nonlinear Model
Predictive Control: Stability, Optimality and Performance. Foundations and
Trends in Systems and Control, 2018.

Thanks for your attention! Questions?
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